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NEUTRON STAR OSCILLATIONS FROM STARQUAKES
by Lucy Keer
Glitches are sudden increases in the otherwise extremely regular spin rate of pulsars.
One theory proposed to account for these glitches is the starquake model, in which the
spinup is caused by a sudden rearrangement of the neutron star crust.
Starquakes can be expected to excite some of the oscillation modes of the neutron star.
These oscillations are of interest as a source of gravitational waves, and may also modify
the pulsar radio emission. In this thesis we develop a toy model of the starquake and
calculate which modes of the star are excited.
We start by making some order-of-magnitude upper estimates on the energy made avail-
able by the starquake and the amplitude of the modes excited, before moving on to a
more detailed calculation based on a specic model of the starquake in which all strain is
lost instantaneously from the star at the glitch. To nd out which modes are excited by
the starquake, we construct initial data describing the change in the star at the glitch,
and then project this against the basis of normal modes of the star.
We rst carry out this procedure for a simplied model in which the star has spun down
to zero angular velocity before the starquake. We nd that the majority of the energy
released goes into a mode similar to the fundamental mode of a uid star.
Finally, we describe the extension of this model to the more realistic case where the star
is rotating before the glitch. We calculate the change in the normal modes of the star
to rst order in the rotation; these are no longer orthogonal, but we construct a scheme
that still enables us to project our initial data against this set of modes, and discuss
some preliminary results of the model.Contents
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Introduction
1.1 Neutron star physics
Neutron stars are complicated. These dense remnants, formed by the gravitational
collapse of some massive stars, contain a mass of one or two times the mass of the Sun
within a radius of only around 10 km. For an object this compact, the eects of general
relativity become important, making neutron stars a good candidate for the emission
of gravitational waves. Neutron stars have a stratied structure, with a solid crust and
an outer core composed of superuid neutrons and superconducting protons, while the
properties of matter at the high densities of the inner core are still poorly understood.
Further complications are introduced to the stellar structure by the extremely high
magnetic elds of some neutron stars, of up to around 1014 gauss, and by their rotation,
which can reach frequencies of up to around 700 Hz.
Disentangling these eects is a challenging problem. One of the most promising ap-
proaches is to use the methods of seismology: the determination of an object's prop-
erties from its characteristic modes of oscillation after a disturbance from equilibrium.
Originally used with great success to determine the composition of the Earth through
measurement of the waves produced by large earthquakes, seismology has since been
adapted to study the interior of the Sun (helioseismology) and other stars (asteroseis-
mology).
In this thesis, we will study a scenario which is in fact highly analogous to that in
geophysics: the generation of stellar oscillations by starquakes, sudden, catastrophic
losses of strain in the solid crust. These have been suggested as an explanation for the
sudden speed-ups in rotation, or glitches, observed in many younger neutron stars.
We will develop a simple toy model for a starquake and study the spectra of oscillations
produced. The properties of these oscillations will be aected by the elastic crust and
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the uid core, as well as the rotation of the star. We will also briey discuss the potential
for observing these observations through the detection of gravitational waves.
This introductory chapter will concentrate on the observational and theoretical back-
ground that will be needed throughout the rest of the thesis. After a brief overview
in this section of some of the main relevant areas of neutron star physics, we move on
to summarise basic equations and results in uid dynamics, elasticity and gravitational
wave theory that will be useful for later chapters.
1.1.1 Observing neutron stars
The idea of a star composed of tightly packed neutrons was proposed by Baade and
Zwicky as early as 1934 [12], only two years after the neutron was discovered. The
possibility of making any electromagnetic observation of such a small, cold object seemed
unlikely, but theoretical speculation continued until the unexpected discovery by Bell
and Hewish in 1967 of a `pulsar': a new celestial source of regular radio pulses. The
small inferred size of the source region suggested a neutron star as a possible origin [37].
The picture that gradually emerged was of a rotating, magnetised neutron star [34], [64],
slowly spinning down as it loses energy to magnetic dipole radiation. The radio pulses
were identied with a `lighthouse beam' of radiation sweeping across the earth as the
star rotates.
Since then, neutron star observations have been made across the electromagnetic spec-
trum, in optical, X-ray and gamma ray wavelengths. In addition, many neutron stars
have been found that have binary companions. These new sources of information have
helped us further constrain the properties of neutron stars. In this section we will briey
discuss some of the observational characteristics of neutron stars most relevant to this
thesis.
1.1.1.1 Radio observations
Radio emission is still the richest source of information about neutron stars. Around 1900
pulsars have been discovered [88], and almost all known neutron stars are observed in the
radio band. Distance measurements show that the majority of pulsars are concentrated
in the plane of the galaxy, within a radial distance of about 10 kiloparsecs from the
centre [54].
The most obvious feature of the radio pulse is the extremely regular period P of the
signal. It is also possible to observe a steady period increase _ P. This ts with a slowing
down of the star's rotation due to the torque produced by magnetic dipole radiation.Chapter 1 Introduction 3
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Figure 1.1: P   _ P diagram showing period of rotation of pulsars in seconds
against dimensionless period derivative.
The magnetic dipole model predicts a magnetic eld strength of B 
p
P _ P, and an
approximate age (the `characteristic age') of the pulsar c  P
2 _ P . These two properties
can therefore be seen to give important information about the properties of the star and
are often plotted in a P   _ P diagram. This is done in Figure 1.1 using data from the
ATNF Pulsar Database [57].
Perhaps the most immediately striking feature of the diagram is that pulsars split roughly
into two populations, with short-period, low-magnetic-eld stars as a separate group in
the bottom left. These millisecond pulsars are found in binary systems and are thought
to be older pulsars spun up by the accretion of matter on to their surface from the
companion star [51].4 Chapter 1 Introduction
1.1.1.2 Binary systems
Around 80% of millisecond pulsars, and 1% of normal pulsars, are observed to be in
a binary system [50]. The companion star may be an ordinary star, a white dwarf or
another neutron star. These systems can provide new information about neutron stars
that is impossible to infer from isolated stars.
One of the most important features of binary systems is that for a few special cases it is
possible to constrain the mass of the stars in the system from information contained in
the pulse signal. For an accurate determination, it is necessary to have good knowledge
of the inclination angle of the binary system. In those systems where this can be done,
mass measurements range from 1M to a recent high measurement of 2M [27]. A
summary of current measurements is provided in [47].
1.1.2 Formation of a neutron star
Neutron stars are remnants formed from the gravitational collapse of a massive star. This
collapse occurs when a star has run out of energy gained from the fusion of elements
within its core, and its thermal pressure can no longer stay in equilibrium with the
gravitational force.
At this point, the majority of stars will evolve to a point where the gravitational forces are
instead balanced by the electron degeneracy pressure: this pressure is a consequence of
the Pauli exclusion principle stating that no two electrons can occupy the same quantum
state. A star supported by this type of pressure is called a white dwarf.
However, there is a maximum mass sustainable by an object supported by relativistic,
degenerate electrons; stars that exceed this Chandrasekhar limit [20] are no longer stable.
This is the case for more massive stars of typically around 8M and over, where nuclear
fusion in the core proceeds all the way to the endpoint of iron nuclei.
At this point, the core implodes rapidly, triggering a complex process of shock formation
and ultimately a supernova explosion [33]. This explosion expels all the outer matter
of the progenitor star, leaving only the core. This core cools fast, soon reaching a
new equilibrium at nuclear density, the density at which the mean density of matter
reaches the density of an atomic nucleus. Matter is then expelled outwards in a Type
II supernova, leaving a compact core behind. This core is the neutron star, and is
supported by the degeneracy pressure of neutrons. The neutron star has a typical mass
of around 1:4M and a radius of around 10km. This scenario may occur for stars with
initial masses in the region of 8   20M [75].
For some of the most massive stars, the supernova explosion fails to eject enough mate-
rial and the star reaches the Oppenheimer-Volko mass limit [62], the maximum massChapter 1 Introduction 5
sustainable by degenerate neutrons. In this case the star can undergo complete collapse
to a black hole.
1.1.3 Structure of a neutron star
Neutron star matter spans a huge range of densities, from a surface density of around
106 g cm 3 up to extremely high densities of around 1015 g cm 3 in the inner core,
higher than the nuclear density 0 = 2:8  1014 g cm 3 of a heavy atomic nucleus [88].
Laboratory measurements of nuclear properties are only available up to just below nu-
clear density, where the nuclei predicted to occur are ones that can be produced experi-
mentally [68]. Beyond this point, theoretical models of the interaction between nucleons
can be used to predict the properties of the matter up to just above nuclear density.
The dense nuclear matter in the inner core is still not well understood theoretically.
Figure 1.2 shows the composition of a neutron star. The star can be divided into two
main regions, a solid crust and a liquid interior. The outer part of the crust consists of a
rigid, crystal lattice of atomic nuclei. Near the surface, these are mainly ordinary nuclei,
and at low densities the most energetically favourable nucleus is iron. At increasing
densities it instead becomes energetically favourable to reduce the number of electrons
by converting protons to neutrons through inverse beta decay. This leads to the creation
of increasingly neutron-rich nuclei, up to the point of neutron drip at a density of around
41011 gcm 3, where neutron states become unbound [68]. The density of free neutrons
between nuclei then increases until it is comparable to that of the nuclei: at this point
the nuclei merge to create a uid of neutrons together with a small fraction of protons
and electrons. This marks the crust-core transition and occurs at a density of around
0, around 1 km below the surface.
In the uid core, the neutrons are expected to be superuid and the protons supercon-
ducting [14]. The properties of the dense nuclear matter in the inner core are not well
understood, but the star may contain exotic material. This could consist of hyperons, a
Bose condensate of pions or kaons, or deconned quark matter [88], [46].
1.1.4 The neutron star equation of state
The thermodynamic properties of a neutron star are encoded in the equation of state, a
relation P = P(;T) between the pressure P, density  and temperature T of the star.
For low temperatures, we can take the T = 0 barotropic limit, obtaining an equation of
state P = P().
Realistic equations of state are calculated numerically, and take into account the detailed
physics of interactions between nucleons in the neutron star core. The equation of state6 Chapter 1 Introduction
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Figure 1.2: Cross-section of a neutron star, showing the composition of the
main regions of the star. The outer crust is a lattice of atomic nuclei. At
higher densities the proportion of free neutrons increases. The core is a uid of
superuid neutrons and superconducting protons, while the composition of the
inner core is unknown.
depends strongly on the unknown properties of the inner core, so there is wide variation
in possible equations of state; a survey is provided by Haensel, Potekhin and Yakovlev
[35].
It is also common to use simpler analytic models which capture some of the qualitative
features of the equation of state. Polytropes have an equation of state of the form P =
k . Polytropic equations of state govern some idealised systems such as an ideal Fermi
gas of nonrelativistic (  = 5
3) or ultrarelativistic (  = 4
3) neutrons, and so equations of
state of this type can be a useful approximation to the more complicated physics of a
realistic neutron star model.
Given a barotropic equation of state P = P(), each pressure-density equation of state
uniquely determines a relationship between masses and radii for neutron stars [49], and
also xes the maximum allowed mass. This means that observational data on the masses
of neutron stars is very useful in constraining the neutron star equation of state [48].Chapter 1 Introduction 7
1.2 Gravitational waves
General relativity predicts the existence of gravitational waves, propagating waves of
spacetime curvature generated by varying mass distributions. As well as providing a
test of general relativity, direct detection of gravitational waves would be of great use
to astronomy, as these waves can provide information complementary to that currently
available from electromagnetic observations.
In particular, gravitational waves are generated by the bulk movement of a source rather
than being radiated by individual particles. This means that gravitational wave frequen-
cies are directly related to the dynamical timescales of the source. Gravitational waves
are not scattered by matter in the same way as electromagnetic waves, so can provide
more direct information about the source. For neutron stars, this could be extremely
useful as a way to probe the physics of the dense matter interior.
In this section we will rst outline the basic theory of gravitational wave generation, and
then briey discuss the outlook for detection of gravitational waves.
For convenience, throughout this section we will work in geometrised units where G =
c = 1. This simplies many formulae, and we can convert back to SI or cgs units when
calculating physical quantities. We will use Greek indices for spacetime tensors, and
Latin ones when we are using only the spatial part.
1.2.1 Gravitational wave theory
Before discussing gravitational wave generation, it will be useful to summarise some basic
equations of general relativity. In this theory, spacetime is described by a metric g.
The tidal gravitational forces experienced by particles in this spacetime are governed
by the curvature of the metric. This curvature can be quantied through the Riemann
curvature tensor R. In a local inertial frame the Riemann curvature tensor can be
written in terms of the metric as
R =
1
2
(g; + g;   g;   g;): (1.1)
Einstein's eld equations
G = 8T (1.2)
then relate the stress-energy tensor T of the matter distribution to the curvature of
the metric through the Einstein tensor G, where
G = R  
1
2
Rg: (1.3)8 Chapter 1 Introduction
The Ricci tensor R is constructed from the Riemann curvature tensor as
R = R
; (1.4)
while R is the Ricci scalar R := gR.
1.2.1.1 The linearised Einstein equations
In this section, we will largely follow the presentation in Schutz [75]. Our aim is to
nd the wave eld far from the source, where we can expect the amplitude of the waves
to be very small. This allows us to nd coordinates where we can split the spacetime
into a background piece, which we take as at Minkowski spacetime , and a piece
describing small perturbations:
g =  + h; (1.5)
where jhj  1. The linearised Einstein eld equations (1.2) then become
G =  
1
2
 h;
; +  h
;    h;
;    h;
;
= 8T (1.6)
to rst order in h. Here  h is the trace reverse of the metric perturbation,  h =
h   1
2h
.
This can be simplied using the freedom we have to change the metric. We can stay
within the regime of small perturbations by making a gauge transformation: a coordinate
change x ! x0 = x + , where  is a small vector. This is equivalent to switching
to a new metric perturbation
 h0
 =  h   ;   ; + 
: (1.7)
We will now use up some of this gauge freedom to pick  so that it satises the gauge
condition 
;
 =  h
;. This puts us into Lorenz gauge, where
 h0
; = 0; (1.8)
and so the linearised Einstein eld equations (1.6) simplify to

 
@2
@t2 + r2

 h0 =  16T: (1.9)
This has the form of an inhomogeneous wave equation with the stress-energy tensor T
as its source.Chapter 1 Introduction 9
1.2.1.2 Generation of gravitational waves
To nd the wave eld produced by a source, we will need to solve the weak-eld Einstein
equation above. Using the coordinates (t;xi) for the background Minkowski metric ,
this has a formal integral solution
 h(t;xi) = 4
Z

T(t   R)
R
d3y; (1.10)
where R = jxi   yij, and the integral is taken over the past light cone  of the event
(t;xi) [85]. To make further progress, though, we will have to make some simplifying
approximations.
We choose the origin of coordinates to be inside the source, far from the observer at
(t;xi). Because we are far from the source, jyij  jxij, and so we can take R  r := jxij
in the denominator of the integral. We also make the slow motion approximation, which
is that the typical velocity v in the source region is much smaller than the speed of light:
v  1 [75]. We can then take t R  t r, and so our approximate integral solution is
 h(t;xi) 
4
r
Z
T(t   r)d3y: (1.11)
We are mainly interested in the spatial part  hij. Using conservation of the stress-energy
tensor, T
; = 0, we can show that
d2
dt2
Z
T00xixjd3x = 2
Z
Tijd3x; (1.12)
and so
 hjk(t;xi) 
2
r
d2
dt2
Z
T00xjxkd3x: (1.13)
This is the quadrupole approximation, and
R
T00xixjd3x is called the mass quadrupole
moment of the source,
Ijk =
Z
V
T00(t   r)xjxkd3x: (1.14)
1.2.1.3 Transverse-traceless gauge
We have not yet used all our available gauge freedom: we can remain in the Lorenz class
of gauges by adding to  any vector  with

  @2
@t2 + r2

 = 0. We will now x
our gauge completely, by specialising to transverse-traceless gauge, where the waveeld
takes on a particularly simple form:10 Chapter 1 Introduction
 First we will choose hU0 = 0, where U0 is the time basis vector of our coordinate
system. This means that h0 = 0 for all indices .
 We then keep only the spatial part of h which is transverse to the direction of
propagation nj, using the projection tensor
Pj
k = j
k   njnk (1.15)
orthogonal to nj. This is achieved automatically if the perturbation is already in
Lorenz gauge.
 Finally we remove the trace of h.
Together these conditions give us the transverse-traceless waveeld
 hTT
0 = 0; (1.16)
 hTT
ij = Pk
iPl
j hkl  
1
2
Pij(Pkl hkl): (1.17)
For example, if we choose our axes so that the wave propagates in the z direction, the
metric perturbation becomes
hTT
 =
0
B B
B B
@
0 0 0 0
0 h+ h 0
0 h  h+ 0
0 0 0 0
1
C C
C C
A
: (1.18)
From this we can see that there are only two independent components, corresponding
to two independent polarisations of the wave. These are called the `plus' and `cross'
polarisations because of their eect on a circle of test particles in the x   y plane (see
Figure 1.3).
1.2.1.4 The energy carried away by gravitational waves
In general relativity, we can always choose a local frame in which the gravitational eld
vanishes; we can only see the eect of the eld by looking at how the proper separation
between two particles changes. This means that there is no way of unambiguously
dening the energy in a gravitational wave at one spacetime point. However, it is
possible to dene an averaged stress-energy tensor for the waves [40],[41].
This can be found by expanding the Einstein tensor to second order in the h and
averaging over one wavelength in spatial directions and over one period of the wave in
time:Chapter 1 Introduction 11
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Figure 1.3: Diagram showing the eect of a passing gravitational wave on a circle
of test particles perpendicular to the direction of propagation of the wave, for a
purely `plus' polarised wave (top) and a purely `cross' polarised wave (bottom).
hGi = G
(0)
 + hG
(1)
i + hG
(2)
i + O(h3): (1.19)
The background G(0) term is zero for at space, and the G(1) term linear in h will vanish
when averaged over a wavelength. This leaves
hG
(2)
i :=  8TGW
 ; (1.20)
which denes the stress-energy tensor for the gravitational waves. In TT gauge
TGW
 =
1
32
h hTT
; hTT
;i: (1.21)
The energy ux in, for example, the z-direction is then
F = T0z =
!2
32
h hTT
ij  hTTiji: (1.22)
1.2.2 Detection of gravitational waves
Indirect evidence for gravitational waves already exists: the eects of energy loss from
gravitational wave emission were rst seen in the double neutron star system discovered
by Hulse and Taylor [39],[81]. The decrease in orbit period observed in this system
matches the predictions of general relativity to within 1% and so provides an important
test for the theory. Even more stringent recent tests include the double pulsar system
PSR J0737-3039A/B, which has been found to agree to within 0.1% [42].
The direct detection of gravitational waves using an Earth-based detector is a huge
technical challenge. The current network of ground-based detectors includes LIGO Liv-
ingston and Hanford, VIRGO and GEO600. These use laser interferometry to detect
changes in the lengths of the two arms of the detectors. LIGO is now sensitive to frac-
tional changes in length of order 10 22, [69], with maximum sensitivity at frequencies12 Chapter 1 Introduction
of around 100   1000 Hz. The LIGO detectors are currently being updated, and Ad-
vanced LIGO should have sensitivity increased by a factor of around 10, depending on
the chosen detector conguration [77].
There are a wide range of possible gravitational wave sources which may be detected;
for the purposes of detection these are normally split into inspiral, continuous, burst
and stochastic signals [6]. Inspiral signals come from the nal stages of a neutron star
or black hole binary, as the compact objects merge together [2]. This should produce a
distinctive signal, increasing in frequency until the merger.
Other types of signal from single compact stars or binaries are divided into continu-
ous and burst types. Continuous signals can be produced from spinning neutron stars.
These could generate a gravitational wave signal if they are deformed from an axisym-
metric rotation shape by crustal `mountains' [4]. Another possible source of continuous
gravitational radiation would be a secular instability such as the r-mode instability [10].
Bursts are, as the name implies, short-lived signals produced by a variety of violent
astrophysical events such as core-collapse supernovae or neutron star collapse to black
holes [1]. This type of signal is particularly interesting to us, as a neutron star glitch
should produce a rapidly damped burst of radiation.
The fourth class, stochastic signals, are those produced by a large population of in-
dependent sources, which would be expected to show up as noisy `gravitational wave
background radiation'. A stochastic signal may be produced as a relic of events in the
early universe after the Big Bang [5].
1.3 Equations of motion for an ideal uid
As we saw in Section 1.1.3, the core of a neutron star is uid. The dening property of
a uid is that it shows very little resistance to shear strain { in fact, we will consider
ideal uids, in the zero viscosity limit of no strain. We will also be modelling our uid
as non-relativistic, so will use a Newtonian description throughout.
We will derive a few of the most important equations governing uid ow below, which
will be needed throughout this thesis. The derivations here follow those in Landau and
Lifshitz [44].
1.3.1 Conservation of mass
A basic property of a uid is that mass is conserved (at least in Newtonian gravity, where
there is no gravitational radiation). We will consider what happens in a `test volume' V
xed with respect to the observer measuring the properties of the uid. Conservation ofChapter 1 Introduction 13
mass means that the decrease per unit time of the mass of the uid in V is equal to the
ux of mass owing through its surface @V in unit time. For a uid of density (xi;t),
 
d
dt
Z
V
dV =
Z
@V
vidSi: (1.23)
Here dSi is a surface element dened to be positive pointing out of the volume. We can
rewrite this as
Z
V

@
@t
+ ri
 
vi

dV = 0; (1.24)
and since this equation holds for any volume V , we have the equation of continuity,
@
@t
+ ri
 
vi
= 0: (1.25)
1.3.2 Euler's equations
We next consider the forces acting on a small volume of uid. In this case we will take
the small volume V moving with the uid element, so that

Dvi
Dt
V = fiV; (1.26)
where fi is the force per unit volume acting on the uid element. Here the derivative
D
Dt is the derivative taken with respect to the moving uid, known as the convective
derivative. This can be written as
D
Dt

@
@t
+
dxi
dt
@
@xi =
@
@t
+ (viri); (1.27)
leading to Euler's equation,
@vi
@t
+ (vjrj)vi =
fi

: (1.28)
1.3.3 Eulerian and Lagrangian perturbations
Most of our work will be within the framework of perturbation theory, where we study
the behaviour of solutions under small perturbations to the background properties of
the star. There are two important descriptions of a uid perturbation that we will use.
These are the Eulerian and Lagrangian perturbations (see, for example, [76] or [26]).14 Chapter 1 Introduction
The Eulerian description takes a `macroscopic' perspective, measuring the change in a
quantity Q0 at a xed point in space. If Q0(xi;t) describes the quantity before the per-
turbation and Q(xi;t) describes it afterwards, then the Eulerian perturbation is dened
as
Q  Q(xi;t)   Q0(xi;t): (1.29)
The Lagrangian description takes the `microscopic' approach, following the uid elements
as they are displaced by the perturbation. To do this, we introduce a displacement vector
i mapping uid elements in the unperturbed star to their new locations in the perturbed
one. The Lagrangian perturbation is then dened as
Q  Q(xi + i;t)   Q0(xi;t): (1.30)
The two types of perturbation can be related by
Q = Q + iriQ: (1.31)
In the case of the Lagrangian change in the velocity vi, we can also obtain a useful
expression in terms of the displacement eld i. The Lagrangian change in the velocity
of a uid element is its velocity in the perturbed ow relative to that in the unperturbed
ow, i.e.
vi =
d
dt
(xi + i)  
dxi
dt
=
di
dt
: (1.32)
1.4 Elasticity
In constrast to a uid, an elastic solid can sustain a shear stress. A perfectly elastic
solid will recover its original shape after any small stress, including a shear stress, is
removed. This will be very important in our modelling of the solid crust of a neutron
star, and so we will develop the equations of motion for an elastic solid below.
1.4.1 The strain tensor
We can measure the deformation of an elastic body that undergoes a displacement i
by taking the gradient Sij = rji of the displacement vector. This second rank tensor
can be split into three irreducible parts [18]:
Sij =
1
3
gij + ij + Rij; (1.33)Chapter 1 Introduction 15
where  = Sii is the expansion, ij = 1
2 (rji + rij)   1
3gij is the shear, Rij =
1
2 (rji   rij) is the rotation, and gij is the metric tensor. We ignore Rij, because a
local rotation of a volume element produces no corresponding stress force, and take
uij =
1
3
gij + ij =
1
2
(rji + rij) (1.34)
as our denition of the strain tensor.
1.4.2 The stress tensor
The forces acting in an isotropic elastic material can also be described by means of a
second rank tensor. If we consider two small neighbouring regions of the solid, the rst
region exerts a force dFi on the second through their surface of contact dSj (dened
with the positive sense pointing from the rst to the second). As this force is linearly
proportional to the contact area, we have a relationship
dFi = Ti
jdSj; (1.35)
and the second order tensor Tij relating dFi and dSj is the stress tensor. We can then
compute the total elastic force acting on a volume V to be
Fi =  
Z
@V
Ti
jdSj =  
Z
V
rjTi
jdV: (1.36)
This should be true for any volume, so we nd that the elastic force density fi is
felastic
i =  rjTi
j: (1.37)
As with the strain tensor, we can split the stress tensor into a pure trace and a symmetric
trace-free part:
Tij = Pgij + Tshear
ij : (1.38)
Here P can be identied with the pressure. As the shear part Tshear
ij is trace-free, we
can write the pressure in terms of the stress tensor as
P =
1
3
Ti
i: (1.39)
The stress tensor (1.38) for an elastic material can be compared with that for an ideal
uid, which can only sustain an isotropic stess Tuid
ij = Pgij.16 Chapter 1 Introduction
In an elastic solid, we expect both the expansion and shear parts of the strain tensor
to cause a corresponding stress in the star. We assume Hooke's Law, i.e. that this
relationship is linear: P =  K and Tshear
ij =  2ij, where K and  are constants
[43]. These constants are called the bulk modulus and shear modulus respectively. This
means that in linear elasticity, the stress tensor can be written in terms of the strain
tensor as
Tij =  Kgij   2ij: (1.40)
The elastic force density felastic
i is then found to be
felastic
i = Kri + 2rji
j =

K +
1
3


ri(rjj) + rjrji: (1.41)
In this thesis we will mainly be interested in the incompressible case, where  = 0. In
this case the stress tensor becomes
Tij =  2ij; (1.42)
with
felastic
i = rjrji: (1.43)
as the corresponding force density.
1.5 Plan of the thesis
The thesis starts with two introductory chapters, the rst on general neutron star physics
and the second focussed on neutron star glitches. In Chapter 3 we then move on to give
some order-of-magnitude estimates of the energy made available by a starquake and the
amplitude of the oscillations excited.
The next three chapters develop the background needed to make a more detailed physical
model of a starquake. We start by studying equilibrium models of a rotating star in
Chapter 4, nding analytic solutions for the case of an incompressible solid star. In
Chapter 5 we discuss modes of oscillation of neutron stars. In particular we derive the
mode spectrum for the same model of an incompressible solid star and investigate it
numerically. Chapter 6 contains the mathematical background needed to show that we
have an orthogonal set of oscillation modes to project against, and illustrates this with
a series of toy models of mode excitation by initial data.Chapter 1 Introduction 17
We are then in a position to use this work to produce a toy model of a starquake, in
the special case where the star spins down to zero angular velocity before glitching. We
carry this out in Chapter 7, constructing initial data for the glitch and projecting it
against our basis of normal modes.
Chapters 8 and 9 deal with the extension of this model to include rotation. In Chapters
8 we investigate the change in the oscillation modes to rst order in the rotation, while
in Chapter 9 we extend the projection scheme to take into account the fact that the
modes are no longer orthogonal, and discuss some preliminary results.Chapter 2
Glitches
Pulsars normally rotate at an extremely regular rate, with most of the change over time
attributable to the gradual slowdown from magnetic dipole radiation. Accounting for
this steady change, pulsars keep time to an accuracy of one part in 1011 or more [54].
However, not all variations in pulse period can be explained in this way. There is a small
contribution from `timing noise', small random deviations in the pulse period. This is
particularly pronounced in the youngest pulsars [51]. More dramatically, some pulsars
have been observed to show a sudden speedup in rotation rate, known as a `glitch'.
First observed in the Vela pulsar in 1969 [71], [73], the cause of glitches is still unknown
and an active area of research. Two of the leading mechanisms advanced to explain
glitches will be discussed in the chapter. We will also discuss one of these mechanisms,
the starquake model, in more depth, and obtain some order-of-magnitude estimates for
the energies released in a glitch.
2.1 Glitch observations
Glitches are known to occur in a signicant fraction of pulsars { out of 700 pulsars
monitored at Jodrell Bank, 128 have been observed to glitch [29].
Figure 2.1 shows the P   _ P diagram with those pulsars that have been known to glitch
marked. It can be seen clearly that with the exception of one millisecond pulsar, the
glitching pulsars fall into the top right portion of the diagram. This indicates that
they are younger pulsars (characteristic ages of 103  106 years) with reasonably strong
magnetic elds (upwards of 1012 gauss). Within this population, the youngest pulsars
glitch most often, with the rate falling o with age [29].
The size of a glitch can be characterised by the ratio 
 , where  is the spin frequency
of the pulsar, and  is the change in spin frequency during the glitch. This size varies
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Figure 2.1: P   _ P diagram showing period of rotation of pulsars in seconds
against dimensionless period derivative. Pulsars which have been seen to glitch
at least once are marked with yellow circles.
widely, with glitches being measured across the range 
 = 10 11   10 5. Dierent
pulsars have characteristic glitching patterns. As examples, we can look at two of the
best studied glitching pulsars, the Crab and Vela pulsars, which have both been under
observation since 1968 [76]. The Crab is one of the youngest known pulsars, a remnant
from the supernova recorded in the year 1054. It undergoes relatively small glitches of
size 
  10 8, and glitch sizes are distributed over a wide range [86]. The Vela pulsar
is older, with characteristic age 11000 years. Vela glitches are larger, with a much more
regular size of around 
 = 10 7 [29].
After a glitch, many pulsars relax to close to their original spin rate: for example, this
is the case in the Vela Pulsar [58]. However in some neutron stars, such as the Crab,
the change in spin rate is permanent (or at least is retained until the next glitch) [55].Chapter 2 Glitches 21
2.2 Overview of glitch models
2.2.1 Superuid model
A connection between pulsar glitches and the superuid core of the star was rst pro-
posed by Baym, Pethick and Pines [15]. A more detailed scenario was then suggested
by Anderson and Itoh [9].
Superuidity allows the neutron star to contain two components with diering rotation
speeds. The rotation rate of the pulsar is determined by its radio beam from the magnetic
poles, which are attached to the crust. The pulsar's magnetic eld will then ensure that
the electrons and protons in the uid interior stay strongly coupled to this component.
However, the superuid neutrons in the interior form a separate component, parts of
which may be more weakly coupled to the crust.
This happens because rotation in a superuid is quantised, with each superuid vortex
carrying a xed amount of angular momentum. The rotation of the whole component
is then proportional to the area density of these vortices, and so it can only slow down
if the vortices move outwards towards the crust.
This outward migration of the vortices should be able to occur in the liquid interior, but
as they reach the solid crust they may become pinned to the nuclei in the crystal lattice.
This xes the angular momentum of this part of the superuid, so that it is unaected
by the gradual slowdown of the neutron star through magnetic braking.
A glitch would then be triggered by an event that could suddenly increase the coupling
between the two components by producing a sudden collective unpinning of these vor-
tices. This would release large amounts of angular momentum to the crust, giving rise
to the glitch event. Various mechanisms for this unpinning have been proposed [8], [32],
[60].
The superuid model has the ability to account for large glitches, and so is the leading
candidate for explaining the behaviour of pulsars such as the Vela.
2.2.2 Starquake model
The idea of starquakes in the crust of a neutron star as a possible explanation for glitches
was rst advanced by Ruderman in 1969 [74], soon after the rst glitch observations.
This mechanism was later considered in more detail by Baym and Pines [16].
Figure 2.2 illustrates the main stages of the starquake model. At this point we will
introduce some notation that we will use throughout the thesis, and refer to the four main
stages of the starquake model as Stars A-D. The star starts in a relaxed conguration22 Chapter 2 Glitches
A
B
C
D
Starquake!
ΩA
ΩB (< ΩA )  
ΩD (> ΩB )  
Crust relaxed
Figure 2.2: Schematic of the starquake model. As the star spins down from
an initial, relaxed conguration (Star A), strain builds up in the crust. When
this reaches a critical level (Star B), the crust cracks and strain is removed.
Immediately after the starquake the star is out of equilibrium (Star C), and
oscillates briey before settling down to a new equilbrium state (Star D).Chapter 2 Glitches 23
(Star A), with some initial angular velocity 
A. As the star loses energy and spins down,
it becomes less oblate. While a uid star would be able to freely adjust its shape to
the new spin rate, the solid crust of a neutron star will resist the deformation from its
relaxed state; consequently, it will stay more oblate than a uid star would. It is this
residual oblateness that is then removed by the starquake.
In the starquake model, there is some maximum level of strain that the crust can with-
stand. This occurs at some critical angular velocity 
B, which is shown in Star B of the
gure. At this critical level, the crust cracks and relieves some of the strain.
This release of strain means that the star is now relaxed and loses its residual oblateness.
The moment of inertia decreases, and so by conservation of angular momentum there
must be a corresponding increase in the star's angular velocity. This is the glitch we
observe.
Immediately after the glitch, the star will briey be out of equilibrium { this is Star C of
the gure. It is this stage of the model that we will be most interested in, as we expect
oscillation modes of the star to be excited. These oscillations will then quickly damp
down and the star will reach a new equilibrium state, Star D, which is spinning at the
new, faster angular velocity 
D.
This model is unable to account for the largest glitches, as we shall see below. However,
it is still of interest in describing the behaviour of the youngest pulsars, such as the
Crab.
2.3 The Baym and Pines starquake model
Baym and Pines [16] developed an early model of a starquake, using an order-of-
magnitude calculation of the ellipticity change in the star at the glitch to make estimates
of the time between glitches. Later in the thesis we will build on this model, so we will
discuss it in some detail here. The starquake model of Baym and Pines characterises the
distortion of the rotating neutron star using a single parameter, the oblateness parameter
". This is dened by
I = IS(1 + "); (2.1)
where I is the moment of inertia of the distorted star and IS is that of the star while
nonrotating and spherical. For the incompressible stellar models we will mainly be
considering in this thesis, IS would be that of a spherical star of the same volume.
The value of " can be found by minimising the total energy of the star. For a rotating
Newtonian neutron star this can be split into the parts24 Chapter 2 Glitches
E = ES + Erot + Egrav + Estrain: (2.2)
Here ES is the energy the star would have if spherical, and Erot = L2
2I is the rotational
kinetic energy. The last two terms are corrections due to the oblatenesss of the star
arising from the gravitational and strain energy respectively. We now need to express
these energies directly in terms of the oblateness ". Egrav can be expanded to second
order in " as
Egrav = Egrav,0 + A"2: (2.3)
The term linear in " vanishes because the spherical shape where " = 0 minimises the
gravitational energy. A is a constant proportional to M2G=R, where M is the mass of
the star, R is its radius and G is the gravitational constant.
We then assume that the crust is formed at an initial `reference' value of the oblateness
"ref. As the star slows down and the oblateness decreases, the strain energy will increase
as
Estrain = B("   "ref)2: (2.4)
B is a constant that depends on the Coulomb energy of the crust, and generally B  A
(we will conrm this in the next section). The total energy can now be written as
E = ES +
L2
2I
+ A"2 + B("   "ref)2; (2.5)
where ES is the energy of the nonrotating star. The oblateness " can then be found by
minimising E with respect to ", while keeping the angular momentum L = I
 xed:
" =
IS
2
4(A + B)
+
B
A + B
"ref: (2.6)
Initially " = "ref, so by rearranging we nd that the reference oblateness is
"ref =
IS
2
0
4A
; (2.7)
where 
0 is the initial angular velocity. We can then alternatively write " as
" =
IS
4(A + B)


2 +
B
A

2
0

: (2.8)Chapter 2 Glitches 25
2.3.1 Numerical estimates for a typical neutron star
At this point, it will be useful to get an idea of the relative sizes of these energies by
putting in some typical numerical values for a neutron star. We can make an estimate
for A using the exact value for a homogeneous incompressible star [16],
A =
3
25
M2G
R
: (2.9)
For a 10 km radius star with a mass of 1.4M, we have
A  6  1052 erg: (2.10)
As a rough estimate for the value of B, we can start by using our formula (2.4) for the
strain energy to nd the mean stress in the crust,
 

 

1
Vcrust
@Estrain
@"

 
; (2.11)
where Vcrust is the volume of the crust. In terms of Estrain this is
 = ("   "ref); (2.12)
with
 =
2B
Vcrust
(2.13)
as the mean shear modulus of the crust. Rearranging this expression, we have
B =
1
2
Vcrust =
2
3

 
R3   R3
inner

; (2.14)
where R and Rinner are the outer and inner radii of the crust. Using an estimate of 1030
erg cm 3 for the shear modulus of the crust [79], we nd that
B  6  1047 erg (2.15)
assuming our 10 km radius star has a 1 km thick crust. This conrms that B  A.
We can also estimate the size of the kinetic energy contribution Erot. For a homogeneous
star, the moment of inertia IS is
IS =
2
5
MR2: (2.16)26 Chapter 2 Glitches
Using the same values of mass and radius,
IS  1  1045 g cm2: (2.17)
The kinetic energy is T = 1
2IS
2 for uniform rotation; for our estimates we will just use
the fact that it is of order
T = IS
2: (2.18)
As an example, we will take the Crab pulsar, with an angular velocity 
 = 190 s 1.
Then
T  4  1049 erg; (2.19)
again a few orders of magnitude smaller than the gravitational binding energy. As these
energies will recur frequently throughout, we will dene
b 
B
A
 9  10 6; (2.20)
t 
T
A
 7  10 7



1Hz
2
: (2.21)
For the Crab Pulsar, we have t  10 3. Looking back at our formula (2.8) for the
oblateness of the star, we can now see that the rst term of the right hand side dominates,
assuming that the initial angular velocity 
0 is of the same order as the current angular
velocity 
.
2.3.2 The stress in the crust
We already have a formula for the mean stress  in the crust, (2.12). Substituting in
the oblateness of the star (2.6), this becomes
 = IS

2
0   
2
4(A + B)
: (2.22)
A starquake occurs when the stress in the crust reaches some critical value, c, and the
crust cracks. This has the eect of `resetting' the reference oblateness of the star to a
new smaller value. This negative shift "ref will change the oblateness (2.6) of the star
by
" =
B
A + B
"ref: (2.23)Chapter 2 Glitches 27
The angular momentum J must be conserved at the glitch, so
J = IS (1 + ")
 = IS (1 + " + ")(
 + 
); (2.24)
where 
 is the change in angular velocity at the glitch. Keeping terms up to rst order
in the small quantities " and 
 we have that
0 = "
 + 
": (2.25)
This relates the change in oblateness at the glitch " to an observable quantity, the
fractional change in spin rate at the glitch:
" =  




: (2.26)
We can then use this to compare the model to glitch observations. In particular, we will
look at what the model predicts for the time between starquakes.
2.3.3 Time between starquakes
Given the change in oblateness at the glitch (2.23), we can use our formula for the stress
 in the crust (2.12) to nd the stress relieved in the quake:
 = ("ref   ") =
A
B
": (2.27)
We can then compare this with the rate at which stress is built up again after the quake
to nd the time between glitches. Making the approximation B
A  1, the formula for
the stress (2.22) becomes
 = IS

2
0   
2
4A
; (2.28)
so that the rate of change of stress _  is
_    
IS
2A

 _ 
; (2.29)
We label  =  

_ 
 as the time characterising the rate at which the pulsar slows down.
In terms of ,
_    
IS
2A

2

: (2.30)
The time tq until the star reaches the critical strain level and quakes again is given by28 Chapter 2 Glitches
tq =
jj
_ 
=
!2
q

2 j"j; (2.31)
where
!q =
s
2A2
BIS
: (2.32)
To get an idea of whether this model can account for glitches, we can compare the quake
separation time tq (2.31) with the observed time between glitches. We will do this for
the Crab Pulsar, where glitches occur every few years.
Using these values of A, B and IS, we calculate !2
q (2.32) to be
!2
q  1:2  1013 s 1: (2.33)
We can now make estimates for the time between quakes. For the Crab, we have an
angular velocity 
 = 190 s 1, characteristic time T = 2260 years and typical oblateness
change  = 0:9  10 9 [76]. We then nd that for our 10 km radius star with a 1 km
crust, the time between quakes tq is predicted to be
tq(Crab)  700 years; (2.34)
two orders of magnitude higher than the observed time. The value of !2
q depends
sensitively on the radius of the star and thickness of the crust. Putting in upper estimates
of R = 13 km, Rinner = 11 km, we still nd that the predicted time,
tq(Crab)  76 years; (2.35)
is much too large. The parameters A, B, IS have been calculated for more realistic
equations of state by Pandharipande et al. [65]. These give lower values of tq of down
to around 10 years, but the model still has diculties with accounting for the observed
interval between glitches. The lowest values of tq originally predicted by Baym and Pines
were all for stars with properties now known to be unrealistic, including masses below
0:5 M.
It may be possible to obtain more realistic estimates of tq by relaxing one of the ideali-
sations in the Baym and Pines model. For example, the model assumes a `steady state'
model of starquakes, in which the stress always builds back up to the same critical level
c before cracking. In a realistic model, the critical stress level may change over time.
In any case, starquakes may still be expected to occur at some level in neutron stars.
Given that the starquake model is arguably conceptually simpler that the superuid
model, it is worth modelling in more detail.Chapter 3
Energy estimates for starquakes
Before making any detailed calculations, we can get more insight into the starquake
mechanism for glitches by making some estimates for the energy released by the quake.
As an extremely rough estimate, we could take the rotational kinetic energy available
to the star and multiply it by the fractional change in velocity characterising the glitch,
E  I







: (3.1)
This estimate can be found in the literature [3]. However, the actual value of the change
in energy will depend strongly on the detailed physics of the glitch. This in turn depends
on the mechanism that triggers the glitch. Estimates have been made based on dierent
versions of the superuid model [78], [84]. Here we will concentrate on the starquake
model, and make some new estimates for the energy released in the glitch in this case.
To do this, we will start by building on the Baym and Pines model of Section 2.3. We
will continue to use the language of Section 2.2 and Figure 2.2, in which Stars A to D
represent the stages of the glitch model. After starting relaxed (Star A) at some initial
angular velocity 
A, the glitch occurs when the star has slowed down to some velocity

B where it has built up a critical level of strain (Star B).
To make these estimates, we will need to specify how the star changes at the glitch. At
this point we would expect the crust to crack or otherwise deform to relieve some of this
strain. We will consider the extreme case where all of the strain is lost. As this will be
our model throughout the thesis, it is worth emphasising this point:
Our model for the glitch is that all the strain is lost from the star. In terms
of our model of Stars A{D, this means that the `reference state' of the star
(the state at which the star is relaxed) is reset at the glitch, so that the new
reference state is that of Star B.
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The strain energy released by the glitch then has to go somewhere. Later in the thesis,
we will look at a specic toy mechanism for the glitch, in which the strain energy is
simply lost from the system that we model { we can think of this as putting it all into
heating the star. In this case, the shape of the star is unchanged immediately after the
glitch, so that there is no dierence in shape between Star B and the out-of-equilibrium,
unstrained Star C. Star C will then settle to a new equilibrium state, Star D, with a
faster spin rate.
In this case, with the strain energy lost from the system, the energy available to go into
oscillations comes only from the change in the star's gravitational and kinetic energy as
it settles to a new equilibrium state. This is the energy dierence between Stars C and
D, ECD = ED   EC.
Although this is perhaps the simplest option to model, it is not necessarily the most
realistic. We can also imagine taking the strain energy of the star before the glitch and
putting it into, for example, the kinetic energy of the star after the quake (if the crust
cracks or otherwise moves about).
The upper bound on this would be to put all the strain energy made available into
gravitational or kinetic energy. This would correspond to the total energy immediately
after the glitch being that of Star B. This gives us an upper limit on the energy available
to go into oscillations at the glitch, EBD = EB   ED.
In this chapter, for the purposes of making upper estimates on the amplitude of oscilla-
tions we will take EBD as the change in energy at the glitch . In the rst section, we
will use an argument based on the Baym and Pines energy model to calculate EBD.
We will then use this to make an estimate for the maximum amplitude of the oscillations
of the star after the glitch, and investigate the implications of this for gravitational wave
emission.
3.1 The energy made available at a starquake
To start with, we will briey restate a few of the main results of the Baym and Pines
starquake model. For each equilibrium conguration A, B and D we can write the energy
in the form
E = ES +
1
2
IS(1 + ")
2 + A"2 + B("   "ref)2; (3.2)
where ES is the energy of the spherical star and the three corrections are kinetic, grav-
itational and strain energy respectively. By minimising with respect to the ellipticity "
at xed angular momentum J, we nd thatChapter 3 Energy estimates for starquakes 31
" =
IS
2
4(A + B)
+
B
A + B
"ref: (3.3)
We will make the B  A assumption throughout this section, so that
" =
IS
2
4A
(1   b) + b"ref + O(b2); (3.4)
where b  B
A. We can then apply this to the stages of our starquake model. Star A is
unstrained, so that "A = "ref. This yields an ellipticity of
"A =
IS
2
A
4A
: (3.5)
The star then spins down to angular velocity 
B, still relaxed at "A so that
"B =
IS
2
B
4A
(1   b) + b"A (3.6)
to rst order. We will now introduce the variables
t =
IS
2
B
A
; (3.7)
X =

2
A   
2
B

2
B
; (3.8)
so that the ellipticities of Stars A and B become
"A =
t
4
(1 + X); (3.9)
"B =
t
4
(1 + bX): (3.10)
As we saw in Section 2.3, t is generally a small parameter (2.21). We will use this fact
to simplify later equations. We would also expect X, which is related to the dierence
in angular velocity between Star A and Star B, to be small.
Next we consider what happens after the starquake. At the glitch, all strain is lost, so
that the reference ellipticity is set to that of Star B. This removal of strain will cause the
star to be temporarily out of equilibrium (Star C). It will then oscillate before damping
down to the new equilibrium state Star D.
We can calculate the ellipticity of this star again by using our general expression (3.3).
Star D is rotating with angular velocity 
D and unstrained at ellipticity "B, so that32 Chapter 3 Energy estimates for starquakes
"D =
IS
2
D
4(A + B)
+
B
A + B
"B: (3.11)
We can rewrite this as
"D =
t
4
"

D

B
2 
1
1 + b

+
b(1 + bX)
1 + b
#
(3.12)
To rst order in b, this becomes
"D =
t
4
"

D

B
2
+ b
 
1  


D

B
2!#
; (3.13)
where we have written this in terms of the still unknown angular velocity 
D of Star
D. Next we will show that we can nd 
D, given the fact that angular momentum is
conserved at the glitch.
3.1.1 Conservation of angular momentum
Conservation of angular momentum means that

B(1 + "B) = 
D(1 + "D): (3.14)
Substituting in the expressions for "B (3.10) and "D (3.13), we obtain
1 +
t
4
(1 + bX) =

D

B
"
1 +
t
4
 

D

B
2
+ b
 
1  


D

B
2!!#
: (3.15)
The right hand side has a term of order 
3
D, but we can simplify this by making one
nal approximation, which is that we know the fractional change in angular velocity at
the glitch is small. Dening this as
z 

D   
B

B
(3.16)
we have that
1 +
t
4
(1 + bX) =

1 + z +
t
4

(1 + z)
3 + b

1   (1 + z)
3

: (3.17)
Since z  1, to rst order in z we can write this
1 +
t
4
(1 + bX) = 1 + z +
t
4
(1 + 3z   3bz): (3.18)Chapter 3 Energy estimates for starquakes 33
Solving for z,
z =
btX
4 + 3t(1   b)
: (3.19)
As a check, we see that if b = 0 (zero strain energy) this reduces to z = 0, as expected.
We will keep only terms up to second order in either b or t, so that
z =
1
4
btX: (3.20)
Putting the angular velocities back into this,

D   
B

B
=
1
4
bt


2
A   
2
B

2
B

: (3.21)
We would expect the change in angular velocity between the unstrained state, Star
A, and the state at the glitch, Star B, to be relatively small, given the observed time
between glitches, so that X =


2
A

2
B
  1

is small. This gives us a consistency constraint
for the model: we can only use it for a change in spin at the glitch 
BD

B that give a
sensible result for X. This is equivalent to specifying that
4
bt

BD

B
 1: (3.22)
The constraint on the spin-up at the glitch is then

BD

B
. 10 8

b
10 5

t
10 3

: (3.23)
This means that the model only works for the smaller glitches such as those of the Crab.
We can then substitute our result for z back into the elllipticity "D (3.13). If we keep
only terms up to rst order in either b or t, no terms depending on z remain and we are
left with just
"D =
t
4
: (3.24)
3.1.2 The change in energy at the glitch
Now we have the ellipticities of stars B and D, we can nd their energy and hence the
change in energy at the glitch. Star B has energy
EB = ES +
1
2
IS(1 + "B)
2
B + A"2
B + B("B   "A)2; (3.25)34 Chapter 3 Energy estimates for starquakes
which we can rewrite in terms of b and t as
EB = ES + A

1
2
t(1 + "B) + "2
B + b("B   "A)2

: (3.26)
To be consistent with our approximation for "D, we will keep terms up to fourth order
in either b or t, so that
EB = ES + A

t
2
+
3t2
16
+

X
4
+
X2
16

t2

b  
1
16
X2t2b2

(3.27)
After the glitch, Star D has energy
ED = ES +
1
2
IS(1 + "D)
2
D + A"2
D + B("D   "B)2; (3.28)
which can be rewritten as
ED = ES + A

1
2
t(1 + "D) + "2
D + b("D   "B)2

; (3.29)
or, again keeping terms up to fourth order,
ED = ES + A

t
2
+
3t2
16
+

X
4
+
Xt
16

t2

b

: (3.30)
We can now calculate the maximum energy available to go into oscillations, EBD =
EB   ED. The lowest order term of this is
EBD =
1
16
AX2t2b; (3.31)
i.e.
EBD =
1
16
B


2
A

2
B
  1
2 
IS
2
B
A
2
: (3.32)
3.2 Amplitude of the oscillations
We now want to nd the maximum amplitude of the oscillation modes excited, by
equating this change in energy EBD with the kinetic energy of oscillations (Emode)BD.
This energy has the form
(Emode)BD = IS!22
BD (3.33)Chapter 3 Energy estimates for starquakes 35
where ! is the frequency of the oscillations and BD is a dimensionless number charac-
terising their amplitude. Then
BD 
1
!
r
EBD
IS
; (3.34)
i.e.
BD 

1
!
r
B
IS
Xt: (3.35)
3.2.1 Numerical estimates for the amplitude
We can now make a rough upper estimate of the amplitude of these oscillations, given
an estimate of the maximum breaking strain of the crust, ubreak. The strain in the star
must be less than this, so that
"A   "B . ubreak: (3.36)
To lowest order in t and b we have
"A   "B 
tX
4
; (3.37)
so
BD . 4ubreak

1
!
r
B
IS
: (3.38)
The frequency ! depends on what type of mode is excited. We will make an estimate
assuming that the energy goes into a fundamental uid mode (`f -mode'). We will discuss
this mode in more detail in Chapter 5; for now, we just need the approximate frequency
!  2000 Hz. Putting in an upper estimate of ubreak = 0:1 [38] and using our previous
estimates of A (2.10), B (2.19) and IS (2.17), we have
BD . 8  10 4

ubreak
0:1

: (3.39)
However, we also have the constraint of the observed fractional change in spin at the
glitch z. Given this, our model actually species the amplitude of oscillations: we have
found the parameter X in our amplitude estimate (3.35) in terms of z (3.20). For
consistency, we should expect this amplitude to be smaller than the upper limit based
on ubreak.
To calculate this, we will rewrite (3.35) in terms of z as36 Chapter 3 Energy estimates for starquakes
BD 
4
p
b
r
A
IS

1
!

z: (3.40)
Note that this is independent of the rotation rate 
B. We have previously seen that
our model only makes sense for smaller glitches of amplitude z  10 8, typical of Crab
glitches. Putting this and again using our previous estimates of A and IS in we have
BD  2  10 6

b
10 5
  1
2
!=2
2000Hz
 1
z
10 8

; (3.41)
which is smaller than our upper estimate (3.39).
This dimensionless amplitude estimate BD for a star of radius R corresponds to dis-
placements at the surface of the order r  BDR, i.e. surface oscillations of around 1
cm. This could be of interest in terms of electromagnetic radiation from the shaking of
eld lines at the surface.
3.3 Gravitational wave estimates
Next we will use this calculated maximum amplitude to make some estimates for the
gravitational wave emission. In this section we will assume that an l = 2, m = 0
spheroidal oscillation mode has been excited, with the amplitude BD  2  10 6 just
calculated.
We will discuss oscillation modes in more detail in Chapter 5; for now, we just need
the fact that with this type of stellar oscillation, the pulsating stellar surface can be
described by the polar equation
r(;t) = R(1 + BDe i!tP2(cos)): (3.42)
In Section 4.3 we will show that for any given time t this is the equation of an ellipsoid
x2
(1   BD
2 cos(!t))2 +
y2
(1   BD
2 cos(!t))2 +
z2
(1 + BD cos(!t))2 = R2 (3.43)
to rst order in BD. This is a reasonable choice of oscillation mode given that the
rotating star also has this shape (we will show this explicitly in Chapter 4), and that the
starquake produces a change in ellipticity of the star. In Chapter 7 we will construct a
specic starquake toy model that has this l = 2, m = 0 character.
For the purposes of making an estimate of gravitational wave emission, we will also
make the assumption that the star has a constant density throughout. In this case the
corresponding eigenfunction for this mode has the formChapter 3 Energy estimates for starquakes 37
i(r;;) = BDr

2P2(cos)^ r +
dP2(cos)
d
^ 

: (3.44)
Again, we will show this in Chapter 4.
3.3.1 The gravitational wave eld of the star
To nd the gravitational wave eld, we rst need to calculate the quadrupole moment
tensor (1.14). Integrating over the volume of the ellipsoid, we nd that the nonzero
components of this tensor are
Ixx = Iyy =
MR2
5
 
1   BDe i!t
; (3.45)
Izz =
MR2
5
 
1 + 2BDe i!t
; (3.46)
The quadrupole gravitational wave eld (1.13) for outgoing spherical radiation is then
 hjk(t;xi) =  
2!2
r
Ijk(r   !t): (3.47)
We can choose a TT gauge transverse to the direction of the motion of the wave by using
a projection (1.16). For waves travelling at an angle  to the z-axis and with y = 0, the
normal vector to the direction of motion is ni = (sin;0;cos), and so the projection
tensor (1.15) is
Pij =
0
B
@
cos2  0  sincos
0 1 0
 sincos 0 sin2 
1
C
A: (3.48)
Using this projection, we nd that in TT gauge the waveeld is
 hTT =  3!2BD sin2 
MR2
5
ei!(r t)
r
0
B
@
cos2  0  sincos
0  1 0
 sincos 0 sin2 
1
C
A: (3.49)
This gives us the waveform as seen by an observer with spatial axes (x;y;z) aligned with
those of the star. A nal simplication can be made by rotating to a new set of observer
axes (^ x; ^ y; ^ z) where the ^ z-axis points along the direction of propagation of the wave:38 Chapter 3 Energy estimates for starquakes
0
B
@
^ x
^ y
^ z
1
C
A =
0
B
@
cos 0  sin
0 1 0
sin 0 cos
1
C
A
0
B
@
x
y
z
1
C
A: (3.50)
Calling the rotation matrix Rij, the wave eld in the new coordinate system is
 hnew
ij = Rk
iRl
j hTT
kl =  3!2BD sin2 
MR2
5
ei!(r t)
r
0
B
@
1 0 0
0 1 0
0 0 0
1
C
A: (3.51)
From this, we can see that the wave is purely in the `plus' polarisation, with
h+ =  3!2BD sin2 
MR2
5
ei!(r t)
r
: (3.52)
3.3.2 Gravitational wave luminosity of the star
We can calculate the rate energy is carried away from the star by gravitational waves
using the energy ux formula (1.22) developed in Section 1.2. With our form (3.51) for
the gravitational wave eld this becomes
F =
!2
32
h2h2
+i =
1
32
9
25
2
BD !6M2R4 sin4 
r2 : (3.53)
This can then be integrated over a sphere of radius r to get the total luminosity,
L =  
dE
dt
=
3G
125c5 2
BD !6M2R4: (3.54)
Here we have switched to working explicitly in terms of G and c using the conversion
factor G
c5. This is in agreement with the results of Chau [23].
To nd the damping timescale of the wave, we need to know how much energy is stored in
the oscillations of the star. We can nd this by calculating the energy at the point in the
oscillation cycle where the star is spherical. This means that there is no gravitational
energy perturbation, so we only need to calculate the kinetic energy of the pulsation
mode. For a mode with eigenfunction i, we have
E =
1
2
!2
Z
V
j2jdV: (3.55)
Substituting in our mode eigenfunction (3.44), we nd that the initial energy E0 in the
star's oscillation isChapter 3 Energy estimates for starquakes 39
E0 =  
1
5
2
BD !2R5: (3.56)
This can then be compared with the luminosity (3.54), to nd that the energy as a
function of time satises
E(t) = E0e  t
2 ; (3.57)
where  is the damping timescale
 =
25c5
2GMR2!4 : (3.58)
The energy E / h2
+, and so the waveeld decays as
h+(t) =  
3G
5c4!2BD sin2 MR2ei!(r t)
r
e  t
 : (3.59)
3.3.3 Numerical estimates
We now make estimates for a homogeneous uid star with a mass of 1.4M and a radius
of 10 km. We will again put in an estimate of 2000 Hz for the excited mode, appropriate
for an f-mode. The damping timescale (3.58) is then
  0:07 s: (3.60)
Taking the Crab's rotation rate of 30Hz as a typical example, we can put in our value
of BD  2  10 6. For a source at a distance of 1 kiloparsec, the strain h+ is then
h+  1  10 23

!=2
2000Hz

r
1kpc
 1
b
10 5
  1
2
z
10 8

; (3.61)
where we have used our value for the amplitude BD (3.41). For the purposes of com-
paring to a detector sensitivity curve, we are more interested in the characteristic strain,
h+
p
  4  10 24 Hz
1
2: (3.62)
This level of strain should be detectable with third generation detectors. Figure 3.1
shows a preliminary sensitivity curve for the Einstein telescope [70]. Our upper estimate
is plotted for a star oscillating at an f-mode frequency 2000Hz and lies above the curve.
The gure also shows the planned Advanced LIGO sensitivity curve for a representative
choice of detector conguration (the Zero Det, High Power conguration) [77]. Our
upper estimate on the strain level is below this curve.40 Chapter 3 Energy estimates for starquakes
3.4 Estimates for solid quark stars
The estimates given so far have been for a normal neutron star with a crust around 1
km thick. More exotic models have however been proposed, including quark stars with
a large solid core [33, 87]. These models are of interest in terms of gravitational wave
emission as they are expected to be able to sustain a larger maximum ellipticity [63, 36].
More relevant to us here is the possibility that a solid star of this type could be expected
to undergo a much larger quake.
In this section we will make some estimates for this scenario, based on a solid star with
a shear modulus of solid  4  1032 erg cm 3 [87].
For a completely solid star, our formula for B (2.19) becomes
Bsolid =
2
3
R3; (3.63)
which for a 10 km radius star becomes
Bsolid  8  1050; (3.64)
so that
bsolid 
Bsolid
A
 1  10 2; (3.65)
a much larger value than our previous estimate of b  10 5 for a star with a uid core.
This means that the star in our model can sustain larger glitches: our criterion (3.21)
that the dierence in angular velocity between Stars A and B is small yields
4
bsolidt

BD

B
. 1; (3.66)
so that
zsolid 

BD

B
. 2  10 6: (3.67)
We are thus able to use this model for glitches of around a factor of 100 larger than for
a normal neutron star model.
Using our new values of zsolid and bsolid, the amplitude of the oscillations in our model
(3.40) is
(BD)solid  1  10 2

bsolid
10 5
  1
2
!=2
2000Hz
 1
zsolid
10 6

; (3.68)Chapter 3 Energy estimates for starquakes 41
and the corresponding value of the characteristic strain is
 
h+
p


 5  10 22 Hz  1
2; (3.69)
a factor of 100 larger. This is plotted on the sensitivity curve in Figure 3.1, again for an
oscillation at 2000 Hz, and this time is above the projected sensitivity curves for both
ET and Advanced LIGO.
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Figure 3.1: A plot of the proposed Advanced LIGO (blue) and Einstein Tele-
scope (red) sensitivity curves, with our upper estimates for the characteristic
strain produced by a normal neutron star with a uid core (marked by a cross)
and by a solid quark star (marked by a diamond). Both of these are plotted for
a typical f -mode frequency of 2000 Hz.Chapter 4
Equilibria of rotating stars
4.1 Overview
To be able to model the way the neutron star changes at the starquake, we need to be
able to construct equilibrium models of the star before and after the glitch. We will do
this analytically for the case of a completely solid, incompressible elastic star.
To describe rotation we will use a perturbative approach, where the centrifugal force is
treated as a small perturbation to a non-rotating, spherical background model. This is
a reasonable assumption in the slow rotation limit, where the centrifugal force is small
compared to the gravitational force at the surface of the star [80]. To do this we will
use the Lagrangian and Eulerian perturbation schemes described in Section 1.3.3.
The aim is to calculate how the star is deformed by rotation, in terms of a displacement
eld mapping the positions of particles in the nonrotating background star to their new
positions under rotation. This will form the basis of our initial data for the starquake
toy model we develop in later chapters.
In the next section we will start by nding the structure of the background, spherical
star. We will then look at the simpler case of a rotating uid star. This will also be
useful in understanding the full elastic calculation, which we carry out in the nal section
of the chapter.
4.2 The background model: a spherical uid star
Our background model is a spherical star in hydrostatic equilibrium, so that the back-
ground pressure p and gravitational potential  satisfy
  rip   ri = 0: (4.1)
4344 Chapter 4 Equilibria of rotating stars
We will look for radially symmetric solutions p = p(r),  = (r). The gravitational
potential  is governed by Poisson's equation
d2
dr2 +
2
r
d
dr
= 4G: (4.2)
We try a solution of the form  = Ar2 + B and nd that A = 2
3 G. To x B, we
use the fact that  is continuous at the surface r = R of the star. This can be seen by
integrating Poisson's equation (4.2) above over a small cube of volume V on the surface
of the sphere. This means that we can match int to the exterior gravitational eld
ext =  MG
r , where M is the mass of the star. We nd that B =  2GR2, and so the
gravitational potential inside the star is
(r) =
2
3
Gr2   2GR2: (4.3)
We can then substitute  back into the equation of hydrostatic equilibrium (4.1) and
integrate to nd p:
p(r) =
2
3
G2(R2   r2): (4.4)
The constant of integration has been xed by using the dening property of the surface,
p(R) = 0.
4.3 Rotation of an incompressible uid star
We now perturb the spherical background star by adding a centrifugal force governed
by the potential
c = 
2r2 sin2 ; (4.5)
where 
 is the angular velocity of the perturbed, rotating star. It will later be useful if
we rewrite this as
c =

2r2
3
(1   P2(cos)); (4.6)
where P2(cos) = 1
2(3cos2    1) is the second Legendre polynomial. Properties of
the Legendre polynomials are discussed in, for example, Arfken and Weber [11]. The
centrifugal force will induce perturbations in the pressure and gravitational potential of
the star. We will use the Eulerian description of the perturbations (see Section 1.3.3).
These perturbations p and  will satisfy the force equationChapter 4 Equilibria of rotating stars 45
  ric =  rip   ri(): (4.7)
Making perturbations to the density of an incompressible star is slightly more subtle.
Incompressibility means that the Lagrangian perturbation of the density  = 0, and we
will use this to nd the Eulerian perturbation  =  iri. Here i is the Lagrangian
perturbation eld mapping particles to their new congurations in the rotating star. The
background density of the star  is constant inside the star and zero outside. Formally
we can write
(r) = (1   H(r   R)); (4.8)
where H(x) is the Heaviside step function
H(x) =
8
> > > <
> > > :
0 x < 0
1
2 x = 0
1 x > 0
: (4.9)
The derivative of the density is then
d
dr
=  (r   R); (4.10)
where (x) is the Dirac delta function, d
dx [H(x)] = (x). Using this, the Eulerian
perturbation  becomes
 = (r   R)r; (4.11)
where r is the radial component of i. We can see that this vanishes everywhere except
at the surface. This means that  = 0 inside the star, but we must take care with the
boundary conditions.
4.3.1 The perturbed gravitational potential
The perturbed gravitational potential  also satises Poisson's equation,
r2 = 4G: (4.12)
Away from the surface we have  = 0, and so this is just Laplace's equation. The
general solution regular inside the star is then46 Chapter 4 Equilibria of rotating stars
int(r;;) =
1 X
l=0
l X
m= l
Blm rlYlm(;); (4.13)
where the Ylms are spherical harmonics [11]. Outside the star we need regular solutions
of the form
ext(r;;) =
1 X
l=0
l X
m= l
Clm
1
rl+1Ylm(;); (4.14)
for arbitrary constants Blm and Clm.
From the form of the centrifugal potential we can guess that we will only need to consider
solutions with m = 0 and l = 2, so that
(r;) = B2r2P2(cos) (4.15)
inside the star, where P2(cos) is a Legendre polynomial. However, in considering how
to match these solutions at the surface we will stick with the general case { it will be
useful for reference in later chapters.
We obtain our rst matching condition by integrating Poisson's equation (4.12) for 
over a small volume V on the surface. Applying Stokes' theorem,
Z
@V
ridSi = 4Gr(R;;): (4.16)
On the left hand side, only the top and bottom sides of V contribute to the integral, so
we have
@()
@r
ext
 
@()
@r
int
= 4Gr(R;;): (4.17)
Integrating once more, we nd a second condition, which is that  is continuous at the
surface. We can combine these two conditions to eliminate Clm and show that
 
1 X
l=0
l X
m= l
(2l + 1)BlmRl 1Ylm = 4Gr(R;;): (4.18)
For our current problem, where the gravitational potential takes the simplied form
(4.15) above, this condition becomes
4Gr(R;;) =  5B2RP2(cos): (4.19)Chapter 4 Equilibria of rotating stars 47
4.3.2 Finding the rotation shape
We can now return to the force equation (4.7), which can be integrated to nd that
c   p    = C; (4.20)
where C is a constant. Substituting in the centrifugal potential c and the form of the
gravitational perturbation (4.15), we see that the pressure perturbation p must have
the form
p(r;) = C +

2r2
3
  

B2 +

2
3

r2P2(cos): (4.21)
To nd the two unknown constants B2 and C, we can use the fact that the pressure of
the star vanishes at the surface. This means that the Lagrangian perturbation of the
pressure p will be zero at r = R, so that
p(R;) =
4G2R
3
r(R;): (4.22)
Substituting in the boundary condition (4.19) for the gravitational potential, we have
that
p(R;) =  
5
3
B2R2P2(cos): (4.23)
This can then be compared to our previous expression (4.21) for p, to nd the con-
stants B2 = 
2
2 , C =  
2R2
3 , so that the nal forms of the pressure and gravitational
perturbations are
p(r;) =

2
3
(r2   R2)  
5
6

2r2P2(cos): (4.24)
and
 =

2
2
r2P2(cos): (4.25)
We also nd the radial displacement at the surface to be
r(R;) =  
5
2R
8G
P2(cos): (4.26)
This is the only part of the displacement eld i of the rotating uid star that we can
nd unambiguously. We will discuss the reasons for this in Chapter 6. However, the
radial displacement at the surface is enough to give us the surface shape of the star.
This can be described by the polar equation48 Chapter 4 Equilibria of rotating stars
r() = R(1 + a2P2(cos)); (4.27)
where a2 =   5
2
8G. We will now describe this shape in more detail. It will be helpful
to introduce Cartesian coordinates, with the z-axis pointing along the axis of rotation.
By axisymmetry it is sucient to consider the star's shape in the x   z plane. First we
show that the polar equation (4.27) above is the equation of an ellipse
x2
a2 +
z2
c2 = 1; (4.28)
accurate to rst order in " = a   c (i.e. valid for small dierences in the major and
minor axes of the ellipse). To show this, we can rst write the ellipse equation (4.28) in
spherical coordinates x = rsin;z = rcos:
r2 sin2 
a2 +
r2 cos2 
(a   ")2 = 1: (4.29)
We then expand to rst order in ", nding that
r() = c
h
1 +
"
c
(cos2    1)
i
: (4.30)
To compare with our equation for the surface of the star (4.27), we need to nd " in
terms of the unperturbed radius R. We know that the radial displacement r is zero
when P2(cos) = 0, i.e. when cos2  = 2
3. At this point r() = R, i.e.
R = c  
2"
3
: (4.31)
Using this, we can then show that
r() = R

1 +
c   a
3c
(3cos2  1)

= R

1 +
2(c   a)
3c
P2(cos)

: (4.32)
Finally, we can rewrite this using
a = R + r
initial

R;

2

= R  
a2
2
; (4.33)
c = R + r
initial(R;0) = R + a2 (4.34)
to show that
2(c a)
3c = a2 to rst order, giving us the stellar surface as in (4.27).Chapter 4 Equilibria of rotating stars 49
4.4 Rotating elastic star
We now turn to the case where the star is a completely solid elastic body currently
rotating at angular velocity 
. As before, we will assume that the star is incompressible.
The elastic star will have some `reference' angular velocity, 
A, at which the star is
unstrained. At this angular velocity, the star will have a shape equivalent to that of a
completely uid star.
Figure 4.1 sketches this situation. We wish to nd the displacement eld, which we have
labelled AB, connecting particles of the star in its current state { labelled Star B { with
their position in its unstrained reference state, Star A. To nd this, we will need to also
use maps between the background, nonrotating star, labelled Star S, and A and B. We
will call these maps SA and SB.
The special case where Star A is spherical and nonrotating is discussed in Love's `Theory
of Elasticity' [52]. Baym and Pines [16] quote results for the displacement and strain
elds in the general case. In this section we give details of how to calculate these,
following a similar method to that used by Franco, Link and Epstein [30] for a two-
component rotating star.
S
ξ
AB
η
SB
A
ΩA
η
SA
B
Ω
unstrained
strained
Figure 4.1: Schematic describing the perturbation method for calculating the
equilibrium state of a rotating elastic star50 Chapter 4 Equilibria of rotating stars
We already know that to rst order the shape of Star A can be found as a perturbation
about a spherical, nonrotating background (Star S in the gure), by the same method
used for a uid star in Section 4.3. The rotation at angular velocity 
A will induce a
centrifugal force governed by the potential (c)SA = 
2
Ar2  1
3   1
3P2(cos)

, producing
pressure and gravitational perturbations pSA (4.24) and SA (4.24) in the star. We
can also nd the radial displacement at the surface (r)SA(R)
Next, we perturb the star again so that it rotates at a dierent angular velocity 
, intro-
ducing a further centrifugal potential (c)AB = (
2   
2
A)r2  1
3   1
3P2(cos)

, and new
perturbations pAB;AB to the pressure and gravitational perturbations. This pertur-
bation of the star will induce a strain eld that can be calculated from the displacement
eld (i)AB mapping the relaxed star A to the new strained conguration, Star B.
We can write the total pressure perturbation taking us from S to B as the sum pSB =
pSA + pAB, and similarly for SB = SA + AB and (i)SB = (i)SA + (i)AB. We
also have a total centrifugal potential
(c)SB = (c)SA + (c)AB =

2r2
3
(1   P2(cos)): (4.35)
Using these quantities allows us to keep working in terms of perturbations about a
spherical background, which will be easier when imposing boundary conditions.
4.4.1 Equations of motion
The background, Star S, still has an isotropic stress tensor
Tij =  pij (4.36)
identical to that of the uid star, and we can write the background equation of hydro-
static equilibrium (4.1) as
rjTi
j   ri = 0: (4.37)
We then perturb the background star by adding a centrifugal force governed by the
potential (c)SB. This will induce Lagrangian perturbations pSB, SB in the pres-
sure and gravitational perturbations. There will also be an induced strain eld, which
depends only on the displacement eld (AB)i. The Lagrangian perturbations satisfy
  ri(c)SB = SB 
rjTi
j   ri

: (4.38)
We can use the commutation relation (see e.g. Shapiro and Teukolsky [76]),Chapter 4 Equilibria of rotating stars 51
rjTij = rjTi
j   rj(krk)Tij; (4.39)
so that the perturbed equation of motion is
  ri(c)SB = rj(TSB)i
j   riSB; (4.40)
where we have used the background equation (4.37) to cancel terms.
The perturbed stress tensor TSB
ij is made up of an isotropic pressure contribution from
the perturbation from S to the unstrained state A,
TSA
ij = (p)SAij; (4.41)
plus the perturbation from A to B, which picks up an extra shear strain term charac-
teristic of incompressible elastic material (1.42),
TAB
ij = (p)ABij + 2uAB
ij : (4.42)
Taking the divergence gives
rj(TSB)i
j = rjpSB + rj(2(uAB)i
j); (4.43)
and for an incompressible star we have (1.43)
2rj(uAB
ij ) = r2(AB)i: (4.44)
Putting this back into the perturbed equation of motion (4.40) we nally obtain
  ri(c)SB =  ripSB + r2(AB)i   riSB: (4.45)
Along with the perturbed equation of motion, we also have Poisson's equation for the
perturbed gravitational potential:
r2SB = 4GSB: (4.46)
As with the uid case (4.11), the continuity equation for incompressible perturbations
gives an expression for the perturbed density,
SB = (r   R)(SB)r: (4.47)52 Chapter 4 Equilibria of rotating stars
4.4.2 Boundary conditions
Before solving for the displacement eld AB, it will be helpful to collect together all
the boundary conditions for the problem. The conditions on the perturbed gravitational
potential can be found from Poisson's equation (4.46) in the same way as for the uid
case (4.16). We nd that SB must be continuous at the surface but that the derivative
@(SB)
@r has a discontinuity. Combining these conditions, we have
SB =  
4G
5R
(0
r)SB(R)r2P2(cos); (4.48)
where we have written SB = (0)SBP2(cos). From this we can also nd the Lagrangian
perturbation SB to be
SB =

4Gr
3
 
4Gr2
5R

(0
r)SB(R)P2(cos): (4.49)
We also have conditions on the displacement eld at the surface. As with the uid
problem, particles on the surface of the background star where Tij = 0 should still have
a zero stress tensor at the perturbed surface, so that
  (pSB(R))ir + 2uAB
ir (R) = 0: (4.50)
In spherical coordinates, the relevant components of the strain tensor are [43]
uAB
rr =
@AB
r
@r
; (4.51)
2uAB
r =
@AB

@r
 
AB

r
+
1
r
@AB
r
@r
: (4.52)
Substituting these in to the boundary condition (4.50) gives
  (pSB(R)) + 2
@r
@r
AB
(R) = 0; (4.53)
for the rr component, while the r component becomes
@
@r
AB
 

r
AB
+
1
r
@r
@
AB
= 0: (4.54)
4.4.3 Solving for the displacement eld
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hSB =  pSB   SB + (c)SB; (4.55)
so that our equation of motion (4.45) becomes
rihSB + rjrj(i)AB = 0: (4.56)
Taking the divergence, we nd that
r2hSB = 0; (4.57)
so hSB must satisfy Laplace's equation, and the general solution regular at r = 0 and
with the same symmetries as the centrifugal potential is
hSB = H2r2P2(cos) + H0: (4.58)
We also need to nd the form of the displacement eld (i)AB. To do this, we will need
to go back to the force equation (4.45), and decompose the displacement vector AB into
radial and tangential parts:
AB = UAB(r)P2(cos)er + V AB(r)rP2(cos): (4.59)
where er is a radial unit vector. As the divergence of AB is zero, the vector Laplacian
term of the equation of motion (4.56) is just r2AB =  rrAB. In terms of our
decomposition this is
r2AB =  r  r  AB =  
6
r2
 
UAB   (V AB)0
P2(cos)er
 
 
(UAB)0   (V AB)00
rP2(cos):
(4.60)
Inserting this back into the force equation (4.56), we nd that the er component becomes
rH2 =
3
r2
 
UAB   (V AB)0
; (4.61)
while the rP2 component is
r2H2 =
 
(V AB)00   (UAB)0
: (4.62)
We can also rewrite the incompressibility condition ri(AB)i = 0 using this decomposi-
tion, obtaining54 Chapter 4 Equilibria of rotating stars
6V AB = 2rUAB + r2(UAB)0: (4.63)
Eliminating H2 and V AB from these three equations, we can obtain a third order equa-
tion in UAB
r3(UAB)000 + 3r2(UAB)00   12r(UAB)0 + 12UAB = 0: (4.64)
The general solution nite at the origin is
UAB(r) = Dr + Er3; (4.65)
V AB(r) =
1
2
Dr2 +
5
6
Er4; (4.66)
D and E constants. By substitution back into the radial component of the force equation
(4.45), we nd that H2 =  7E, so that
UAB(r) = Dr  
1
7
H2r3; (4.67)
V AB(r) =
1
2
Dr2  
5
42
H2r4: (4.68)
At this point, we need to refer back to the boundary conditions.
First we have the (r) component (4.54) of the traction condition at the surface, which
can be written in terms of UAB and V AB as
R(V AB)0(R)   2V AB(R) + RUAB(R) = 0: (4.69)
From this we nd that D = 8H2R2
21 , so that
UAB(r) = H2

 
r3
7
+
8
21
R2r

; (4.70)
V AB(r) = H2

8R2
42
r2  
5
42
r4

: (4.71)
To x H2 we can then use the (rr) component (4.53), which becomes
  pSB(R) + 2(UAB)0(R)P2(cos) = 0: (4.72)
We can write pSB in terms of hSB asChapter 4 Equilibria of rotating stars 55
  pSB = hSB + SB   (c)SB; (4.73)
and from the boundary condition for the perturbed gravitational potential (4.49) we
nd that at the surface,
SB(R) =
8GR
15
((0
r)SA(R) + U(R))P2(cos); (4.74)
where we have made the split 0SB = 0SA + 0AB. The rst term (0
r)SA(R) is just the
radial displacement at the surface of a completely uid star, which we have already
found in Section 4.3 to be
(0
r)SA(R) =  
5
2
AR
8G
: (4.75)
Substituting this in along with the form of UAB at the surface (4.70) gives
SB(R) =

8GR4
63
H2  

2
AR2
3

P2(cos): (4.76)
Inserting this and the centrifugal potential (c)SB (4.35) back into our expression for
pSB (4.73), we have
 p(R) =

H2R2 +

8GR4
63
H2  

2
AR2
3

P2(cos) +

2R2
3

P2(cos)
+H0  

2R2
3
:
(4.77)
Finally, we can then put this back into the rr condition (4.53). Comparing constant
terms, we have
H0 =

2R2
3
; (4.78)
while comparing terms proportional to P2(cos) gives
19H2
21
R2 +
8GR4
63
H2  

2
AR2
3
+

2R2
3
= 0: (4.79)
Rearranging,
H2 =
21(
2
A   
2)
57 + 8G2R2  (4.80)56 Chapter 4 Equilibria of rotating stars
4.4.4 Results
At this point, it will be helpful to simplify our expressions by introducing some more
concise notation, writing
 =
5
8G
(4.81)
and
b =
57
8G2R2: (4.82)
The parameter b gives the ratio of the strain energy to the gravitational energy of the
star [16]. This is b = B
A in the notation we have used in Chapter 3. In terms of these
parameters H2 (4.80) is
H2 =  
21
5R2

1 + b
(
2   
2
A): (4.83)
4.4.4.1 Displacement eld and surface shape of the star
We can now nd the displacement eld: UAB (4.70) and V AB (4.71) become
UAB(r) =
1
5R2

1 + b
(
2   
2
A)
 
3r3   8R2r

; (4.84)
V AB(r) =
1
5R2

1 + b
(
2   
2
A)

5
2
r4   4R2r2

: (4.85)
At the surface
UAB
r (R) =  R

2   
2
A
1 + b
: (4.86)
To nd the surface shape of Star B we can then add this surface displacement to that
already calculated for the uid star, (4.26):
 
SBr
(R) = (r)
SA (R) +
 
ABr
(R): (4.87)
Rewriting the uid star displacement as
(r)
SA (R) =  R
2
AP2(cos); (4.88)
we 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(r)
SB (R) =  R

2 + b
2
A
1 + b
P2(cos): (4.89)
If we take the special case where the elastic star is relaxed at zero spin and currently
spinning at angular velocity 
, it will have surface shape
r
el(R) =  R

2
1 + b
P2(cos): (4.90)
Comparing with a uid star also spinning at 
 using (4.88), the ratio of surface dis-
placements is
r
el(R)
r
uid(R)
=
1
1 + b
; (4.91)
which can be written as
r
el
r
uid
=
1
1 +
19
2gR
; (4.92)
where g =
d
dr

r=R = 4
3GR. This result is quoted in Love [52]. This is a smaller
deformation than for a uid star, as expected given that the elastic star will resist a
deformation of its shape from its relaxed state.
4.4.4.2 The perturbed gravitational potential
We can also nd the scalar quantities associated with the displacement eld AB: the
perturbed gravitational potential AB and the perturbed pressure pAB. Starting with
AB , we have already found SB in terms of 0SB (4.48):
SB =  
4G
5R
((0
r)SA(R) + UAB(R))r2P2(cos) (4.93)
Substituting in (0
r)SA(R) (4.88) and UAB (4.86) we get
SB =  
4G
5


2 + b
2
A
1 + b
r2P2(cos); (4.94)
which using the denition of  (4.81) becomes
SB =
1
2

2 + b
2
A
1 + b
r2P2(cos): (4.95)
We can then nd AB = SB   SA. Here SA is the perturbation for a uid star
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AB =
1
2

2
A   
2
1 + b
r2P2(cos): (4.96)
4.4.4.3 The perturbed pressure
Next we nd the pressure perturbations pSB and pAB. Starting from our expression
for hSB (4.55), we know that
pSB =  (H0 + H2r2P2(cos))   SB + (c)SB: (4.97)
Inserting in H0 (4.78), H2 (4.83), and (c)SB (4.35),
pSB =  

2R2
3
+ 
21
5R2

1 + b
(
2   
2
A)r2P2(cos))   SB + 

2r2
3
(1   P2(cos)):
(4.98)
Finally, substituting in SB (4.95) and rearranging we have
pSB =


21
5R2

1 + b
(
2   
2
A)   
1
2

2 + b
2
A
1 + b
  

2
3

r2P2(cos) +

2
3
(r2   R2):
(4.99)
Finally we can nd pAB by subtracting the value pSA (4.24):
pAB =

21
5R2

1 + b
(
2   
2
A) +

2

2 + b
2
A
1 + b
 

2
3
 
5
2
A
6

r2P2(cos)+

2   
2
A
3
(r2 R2):
(4.100)
4.4.4.4 Summary
These results will be used to nd initial data for our starquake toy model, so we will
collect together the most important ones here. The initial data will consist of a displace-
ment eld between the star immediately after the glitch and the new equilibrium state
after the glitch. This will be built using the displacement eld
AB = UABP2(cos)er + V ABrP2; (4.101)
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UAB(r) =
1
5R2

1 + b
(
2   
2
A)
 
3r3   8R2r

; (4.102)
V AB(r) =
1
5R2

1 + b
(
2   
2
A)

5
2
r4   4R2r2

: (4.103)
The corresponding scalar perturbations are
AB =
1
2

2
A   
2
1 + b
r2P2(cos); (4.104)
pAB =

21
5R2

1 + b
(
2   
2
A) +

2

2 + b
2
A
1 + b
 

2
3
 
5
2
A
6

r2P2(cos)
+

2   
2
A
3
(r2   R2):
(4.105)
We also have the surface shape of the star,
(r)
SB (R) =  R

2 + b
2
A
1 + b
P2(cos): (4.106)Chapter 5
Oscillation modes of uid and
elastic stars
To nd out which oscillation modes are excited in our glitch model, we will rst have to
calculate the full spectrum of modes of our star after the glitch. This is Star D of the
model, a solid, rotating, incompressible elastic star.
In this chapter, we will neglect rotation, returning to consider its eects in Chapter 8,
and concentrate on calculating the inuence of elasticity on the mode spectrum.
After giving a brief introduction to oscillation modes, we will give a general discussion of
radial modes in a uid star, along with an analytic example of this type of mode. As a
build-up to the elastic problem, we will then discuss the oscillations of an incompressible
uid star. These have one type of mode, the `Kelvin mode', which corresponds to the f -
mode of a more general uid model. Finally, we will study the oscillations of a completely
solid, elastic incompressible star. This problem was rst studied analytically in 1898 by
Bromwich [19]; we will follow this analysis and then investigate further numerically in
the case of the l = 2 eigenfunctions, the ones most interesting for our glitch model. This
will allow us to understand the spectrum of eigenvalues in more depth and to calculate
the corresponding eigenfunctions.
5.1 Introduction
A star that is briey disturbed from equilibrium will oscillate with a characteristic set of
vibration patterns, analogous to those produced by hitting a drum. The wave pattern
and frequency of these oscillations depends sensitively on the force that is working to
restore the displaced elements of the star to their equilibrium positions. This means
that stellar oscillations can be an extremely useful probe of the physics of the interior
of a star.
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The simplest types of oscillation are the purely radial pulsation modes. The more
complicated nonradial modes are classied by the main type of restoring force acting on
the star. In a system as complex as a neutron star, there are many possible restoring
forces, leading to a rich spectrum of oscillation modes.
In a non-rotating uid star, the restoring forces arise from the uid pressure and from the
gravitational eld. Cowling [24] classied the nonradial oscillations of a polytropic uid
star into high-frequency, predominantly radial p-modes sourced mainly by the pressure
force, and lower frequency, predominantly tangential g-modes sourced by the gravita-
tional eld. The fundamental mode, known as the f-mode, has a frequency intermediate
between these two classes. Cowling's classication has been retained for more general
stellar models with similar qualitative features [26].
An elastic material like the neutron star crust can support new classes of modes restored
by shearing forces. A arbitrary displacement vector  can be decomposed into a part of
the form U(r)er + V (r)rYlm and a second part of the form W(r)(er  rYlm), where
the Ylm are spherical harmonics. Oscillation modes with eigenfunctions of the rst type
are known as spheroidal (or polar) modes, and those of the second type are toroidal (or
axial or torsional) modes [83].
Toroidal modes produce a `twisting' motion conned to concentric spheres of the star;
this kind of pure shearing motion cannot be supported by a non-rotating uid star.
The uid p-, g- and f -modes all belong to the category of spheroidal modes. In the
elastic crust there can also be new classes of spheroidal modes, which have been labelled
s-modes and i-modes [59]. The s-modes are shear-dominated and aect the whole crust,
while i-modes are interfacial modes concentrated mainly at the uid-elastic boundary.
We will discuss oscillations of uid and elastic stars further in this chapter, using simpli-
ed analytic models as illustration. Neutron stars can also support several other types of
oscillations. For us, the most important will be those produced by rotation of the star,
which are restored by the Coriolis force. These inertial modes include a purely toroidal
subclass which have been labelled r-modes [66], in analogy with the Rossby ocean waves
produced by the Earth's rotation. We will discuss modes of a rotating star further in
Chapter 8, when we introduce rotation into our glitch model.
5.2 Oscillation modes in a uid star
We will start by deriving the equations for small perturbations of a background uid
star. The background star will be assumed to be in hydrostatic equilibrium with pressure
P, density  and gravitational potential :
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We assume that the star has a barotropic equation of state
P = P(): (5.2)
Following the method of the discussion in Shapiro and Teukolsky [76], we will make
Lagrangian perturbations to the background quantities, obtaining



dvi
dt
+ riP + ri

= 0: (5.3)
The perturbed equation of state will be
P
P
=  1


; (5.4)
where
 1 =
d(logP)
d(log)
(5.5)
is the adiabatic index for the perturbations. This may be dierent to the adiabatic index
  of the background star. To nd oscillation modes we will assume a time dependence
(r;t) = (r)cos(!t+) in our force equation, and also use the relation dvi
dt =
d2i
dt2 , so
that
  !2i =  (riP + ri): (5.6)
The right hand side can be expanded with the commutation relation
ri = ri   (rij)rj: (5.7)
Using this, and simplifying the result with the hydrostatic equilibrium equation (5.1),
we obtain
  !2i =  riP +


riP   ri: (5.8)
It will be useful for us to rewrite this equation so that all terms are expressed only in
terms of the unperturbed variables P and , and the displacement i. From conservation
of mass we have that

 =  rii, and by using this along with the equation of state
(5.4) for the perturbations we can rewrite P and  in terms of the displacement i.
Finally, we can expand the last term in terms of the Eulerian perturbation . Putting
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  !2i = ri
 
 1Prjj
  (rjj)riP + (rij)rjP   ri   j(rirj): (5.9)
The gravitational perturbation  can also be written in terms of i if required, as a
solution of Poisson's equation
 =  G
Z
r0
i(00i)
jxi   x0ij
d3x0: (5.10)
5.3 Radial perturbations
In this section we will concentrate on purely radial perturbations (r). Although not
directly useful for the case of gravitational wave emission, this simpler case will be useful
for later reference, in particular for understanding how to project initial data against
our mode spectrum. For these radial perturbations our equation (5.9) above simplies
to become
  !2 =
d
dr

 1P
1
r2
d
dr
(r2)

 
4
r
dP
dr
   
d
dr
  (r2): (5.11)
In this section, we will again follow the method of Shapiro and Teukolsky [76]. The last
term can be rewritten using Poisson's equation r2 = 4G. We can also integrate
Poisson's equation for the perturbations, r2 =  4Grii, to nd that the last two
terms cancel, leaving
d
dr

 1P
1
r2
d
dr
(r2)

 
4
r
dP
dr
 + !2 = 0: (5.12)
The boundary conditions for this system are
1.  = 0 at the centre r = 0,
2. P = 0 at the surface, i.e. uid elements at the surface of the unperturbed
star stay at the surface. We can see from our equation of state (5.4) for the
perturbations that P =   1i riP. Since P also vanishes at the surface, it is
sucient to demand that  is nite at r = R.
5.3.1 The homogeneous background star
A useful special case that can be solved analytically is when the background star is
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model in Chapter 4, where we found the pressure P (4.4) and gravitational potential 
(4.3).
5.3.1.1 Perturbing the background
To nd the eigenfunctions (r) of this system, we can substitute the background pressure
(4.4) back into the radial perturbation equation (5.12) that we derived earlier. Following
[76], we will then change variables in our radial equation (5.12), so that
 
1   x2
00 +

2
x
  4x

0 +

A  
2
x2

 = 0; (5.13)
with x = r
R, 0 = d
dx, A = 3!2
2G 1 + 8
 1   2. Our boundary conditions then become
(0) = 0; (5.14)
(1) nite: (5.15)
We look for a series solution and nd that the acceptable solutions nite at the centre
are polynomials of the form
n =
n X
i=0
cixi+1; (5.16)
with odd coecients zero, and even coecients satisfying
ci+2
ci
=
i2 + 5i + 4   A
i2 + 7i + 10
: (5.17)
To satisfy the second boundary condition this series must terminate, so
A = n2 + 5n + 4; n = 0;2;4::: (5.18)
Eigenfrequencies ! can then be calculated from A. The rst ve eigenfunctions n are
plotted in Figure 5.1, with normalisation chosen so that (1) = 1.
We will use these eigenfunctions again for a simple model of mode excitation in Section
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Figure 5.1: The rst ve eigenfunctions for the compressible radial perturbations
of a homogeneous star. The amplitude of each eigenfunction is plotted against
the normalised radial coordinate x = r
R.
5.4 Nonradial modes for an incompressible uid star
The oscillation modes of a homogeneous, incompressible uid star were rst found by
Kelvin in 1863 [82]. Although this is not a very realistic stellar model, it is of interest
because the frequencies and associated eigenfunctions can be calculated analytically.
This will make it a good testbed for many of the problems we will want to investigate
in later chapters, including working out which modes are excited by glitch initial data,
and studying the possibilities for gravitational wave emission.
We have already found the pressure p (4.4) and gravitational potential  (4.3) of an
incompressible uid star. We will now make incompressible perturbations to this back-
ground conguration, rather than the compressible radial perturbations of the last sec-
tion. These incompressible perturbations will have to be non-radial.
As in Chapter (4), we will make Eulerian perturbations p, ,  to the background
quantities. We have already found the form (4.13) of the perturbed gravitational poten-
tial, as well as the boundary conditions (4.18) it satises at the surface. For convenience
we repeat them here:
int(r;;) =
1 X
l=0
l X
m= l
Blm rlYlm(;); (5.19)Chapter 5 Oscillation modes of uid and elastic stars 67
 
1 X
l=0
l X
m= l
(2l + 1)BlmRl 1Ylm = 4Gr(R;;): (5.20)
We also know the form (4.11) taken by the density perturbation :
 = (r   R)r: (5.21)
Making Eulerian perturbations to the background equations of hydrostatic equilibrium
yields the force equation
d2i
dt2 =  
1

ri(p)   ri: (5.22)
To nd the allowable modes we again look for displacements with time-dependence
i(r;;;t) = i(r;;)e i!t, so that
d2i
dt2 =  !2i. We then take the divergence of our
force equation (5.22), remembering that for an incompressible uid rii = 0 so that
r2p = 0 (5.23)
inside the star. This has solutions
p(r;;) =
1 X
l=0
l X
m= l
AlmrlYlm(;); (5.24)
where the Alm are arbitrary constants representing the amplitudes of the perturbations,
and the Ylm are the normalised spherical harmonic functions as dened in, for example,
Arfken [11].
We also have a boundary condition for the pressure perturbation, which is that the
Lagrangian perturbation vanishes at the surface. Substituting in the Eulerian pressure
perturbation p (5.24) and the background pressure p (4.4) gives
AlmRlYlm  
4
3
G2Rr(R;;) = 0: (5.25)
Finally these last two equations give us a relation between the constants Alm and Blm,
Blm =  
3
(2l + 1)
Alm; (5.26)
and so int can be written as
int =
1 X
l=0
l X
m= l
 
3Alm
(2l + 1)
rlYlm; (5.27)68 Chapter 5 Oscillation modes of 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which is our nal form for the perturbed gravitational potential.
5.4.0.2 Finding the oscillation modes
Now that we have the perturbed quantities p (5.24) and  (5.27) expressed in terms
of the single set of coecients Alm, we can substitute them back into the force equation
(5.22) to nd that the displacement vector i satises
i =
1 X
l=0
l X
m= l
2(l   1)
2l + 1
Alm
!2 ri(rlYlm): (5.28)
Finally, we can cancel factors of Alm in our force equation nding that the only allowable
oscillation modes ! satisfy
!2 =
8G
3
l(l   1)
2l + 1
: (5.29)
This is the result that Kelvin derived in 1863. In the cases l = 0 and l = 1 we can see
that the frequency is zero.
We can also show that the Lagrangian perturbation of the pressure as well as the density
is zero for this class of modes. We assumed that this was the case at the surface, but
by substituting the displacement vector (5.28) and pressure perturbation (5.24) into
p = p + irip, we can see that
p = 0 (5.30)
holds throughout the star.
For representative neutron star parameters (mass 1:4M, radius 10 km) the lowest, l = 2
mode has a frequency of around 2kHz.
5.5 Oscillations of an incompressible elastic star: analytic
work
We will now introduce elasticity to the problem, and calculate the oscillation modes of
a solid, incompressible elastic star, following the method of Bromwich [19]. In this case
our force equation (5.22) has an extra elastic force term felastic
i = rjrji (see the
discussion of the rotating elastic star in Section 4.4), so that
  !2i =  ri(p) + rjrji   ri(): (5.31)Chapter 5 Oscillation modes of 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This can be rearranged and written in vector form as
(r2 + k2) =
1

r(p + ); (5.32)
where
k2 = !2

: (5.33)
This is an inhomogeneous vector Helmholtz equation, and we will start by solving this
to nd the form of the eigenfunctions . Later we will impose boundary conditions to
nd the allowable modes of oscillation.
The background solution is that of the previous uid problem, with isotropic pressure
p and gravitational potential  as derived in (4.4) and (4.3) respectively. As with the
uid star, the gravitational potential perturbation  satises Laplace's equation. We
will specialise to axisymmetric solutions here, because the rotation shape of the star is
axisymmetric, and so
 =
1 X
l=0
BlrlPl(cos); (5.34)
inside the star, where Bl are constants. To simplify expressions, summation over l will
be implied in the rest of this section.
5.5.1 Finding the eigenfunctions
The solution to the Helmholtz equation (5.32) will have the form  = c + p, where c
is the complementary solution satisfying the homogeneous equation
(r2 + k2)c = 0; (5.35)
and p is the particular solution for the full inhomogeneous equation.
5.5.1.1 Complementary solution
The solution to the homogeneous equation can be split into three parts
c = 1 + 2 + 3; (5.36)
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1 = r'; (5.37)
2 = r  (c); (5.38)
3 =
1
k
r  2; (5.39)
with ' and  solutions of the scalar Helmholtz equation, and c a constant vector we
will choose below to suit our problem [45].
In an incompressible star, these vectors  must be divergence free. This is satised
automatically by 2 and 3, whereas 1 must obey r1 = r2' = 0. Substituting this
into the Helmholtz equation, we see that 1 = 0.
To satisfy the scalar Helmholtz equation, we choose
 = Djl(kr)Pl(cos); (5.40)
where jl(x) is a spherical Bessel function and Pl is a Legendre polynomial as before. We
can see that 2 is then a solution of the vector Helmholtz equation because
(r2 + k2)2 = (r2 + k2)r  (c) = r 

c(r2 + k2)

; (5.41)
and so 2 satises the vector Helmholtz equation if  satises the scalar one. This can
also be shown in a similar way for 3.
We will choose the constant c by looking at the surface boundary conditions. One of
our conditions is that the tangential components of the surface strain vanish at r = R.
It will be useful to pick c so that 2 and 3 are tangential to the surface, so we take
c = rer.
We can now write 2 and 3 directly in terms of . We have
2 =  Drjl(kr)(er  rPl): (5.42)
From this we can nd that
3 =
l(l + 1)
r
1
k
Djl(kr)Pler +

1
k
Djl(kr) + Drj0
l(kr)

rPl; (5.43)
where we have used the identities
er  (er  rPl) =  rPl (5.44)
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r  (er  rPl) =  
l(l + 1)
r2 Pler: (5.45)
5.5.1.2 Particular solution
We can show that the particular solution must have the form p = r	 for some scalar
	 by taking the curl of the force equation (5.32). We nd that
(r2 + k2)(r  p) =
1

r  r(p + ) = 0; (5.46)
so r  p = 0 and and p can be written as p = r	. This means that 	 satises
Laplace's equation r2	 = 0, with general solution
	 = CrlPl(cos); (5.47)
and so
p = lCrl 1Pler + CrlrPl: (5.48)
We can also use this to nd an expression for p and . Substituting the form of p
back into the force equation (5.32), we then nd that
r	 =
1
k2
(p + ): (5.49)
Integrating,
1
!2 (p + ) = CrlPl(cos); (5.50)
where the integration constant has been found to be zero by evaluating the expression
at r = 0.
5.5.2 Finding the oscillation modes
We will search for spheroidal and toroidal modes separately, so before imposing boundary
conditions it will be helpful to split  into these parts:
spheroidal = U(r)er + V (r)rPl; (5.51)
toroidal = W(r)(er  rPl): (5.52)72 Chapter 5 Oscillation modes of uid and elastic stars
Comparing with our previous expression for 2, 3 and p (5.37), we see that the toroidal
part only requires 2, while the spheroidal part requires 3 + p. Specically, we have
U(r) = lCrl 1 +
l(l + 1)
r
1
k
Djl(kr); (5.53)
V (r) = Crl +
1
k
Djl(kr) + Drj0
l(kr); (5.54)
W(r) =  Drjl(kr): (5.55)
In spherical coordinate components,
spheroidal =

lCrl 1 +
l(l + 1)
r
D
k
jl(kr)

Pler +

Crl 1 +
D
kr
jl(kr) + Dj0
l(kr)

dPl
d
e:
(5.56)
and
toroidal =  Djl(kr)e: (5.57)
5.5.2.1 Boundary conditions
We have already derived the necessary boundary conditions in previous sections, but
for completeness we restate them here. As with the rotating elastic problem studied in
Section 4.4, we have the surface boundary condition (4.72),
  pir + 2uir = 0: (5.58)
We also have the boundary condition for the gravitational potential at the surface (4.18),
derived for the rotating uid star in Section 4.3:
  (2l + 1)BlRl 1Pl = 4Gr(R;;); (5.59)
so that
 =  
4G
(2l + 1)
rl
Rl 1r(R): (5.60)
5.5.2.2 Finding the toroidal modes
For the toroidal modes we only need the 2 vector, which in components isChapter 5 Oscillation modes of 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toroidal = 2 =
0
B
@
0
0
 Djl(kr)
dPl
d
1
C
A: (5.61)
Our boundary condition here reduces to just
ur(R) = 0: (5.62)
In spherical coordinates,
2ur =
1
rsin
@r
@
+
@
@r
 

r
; (5.63)
so that at r = R,
 
@
@r

Djl(kr)
dPl
d

+
1
r
Djl(kr)
dPl
d
= 0; (5.64)
leading to the boundary condition
kRj0
l(kR)   jl(kR) = 0 (5.65)
For any value of l, we can then nd the eigenvalues !n numerically by nding the roots
Kn = !n
q

R of the function
ftoroidal(K;l) = Kj0
l(K)   jl(K) = 0: (5.66)
5.5.2.3 Finding the spheroidal modes
In constrast to the toroidal modes, where the displacement has no radial component,
the spheroidal modes are aected by gravity, which makes them more complicated to
analyse. This problem was rst studied by Bromwich in 1898 [19], and we shall follow a
similar method. In components, the spheroidal displacement eld spheroidal = p+3 is
spheroidal =
0
B
@
(lCrl 1 +
Dl(l+1)
kr jl(kr))Pl
(Crl 1 + D
kr (jl(kr) + krj0
l(kr)))
dPl
d
0
1
C
A: (5.67)
The surface boundary conditions (5.58) are
  p + 2
@r
@r
= 0; (5.68)74 Chapter 5 Oscillation modes of uid and elastic stars
for the rr component, and
r
@
@r


r

+
1
r
@r
@
= 0 (5.69)
for the r condition. It will make the algebra slightly easier if we follow Bromwich in
dening
 l(x) = x ljl(x); (5.70)
so that the displacement eld (5.67) becomes
 =
0
B
@
lrl 1[C + D(l + 1) l(kr)]Pl
rl 1[C + (D( l(kr) + kr 0
l(kr))]
dPl
d
0
1
C
A: (5.71)
Substituting this into the two boundary conditions (5.68) and (5.69), we obtain
 p + 2

l(l + 1)Rl 2

C +
D
k
(l + 1) l(kR)

Pl + lRl 1((l + 1)D 0
l(kR))Pl

= 0;
(5.72)
2C(l   1) +
D
k

2
 
l2   1

 l(kR)   2kR 0(kR)   k2R2 l(kR)

= 0:
(5.73)
It is also possible to express p in terms of C and D, by using the relation between
the Eulerian perturbations p and  (5.50) we obtained while nding the particular
solution. Making use of the boundary condition for the gravitational potential (5.59),
we nd that
p(R;) =  
2l(l   1)
2l + 1
gRl 1

C +
D
k
(l + 1) l(kR)

  !2CRl; (5.74)
where
g =
4GR
3
: (5.75)
This can then be substituted back into the (rr) boundary condition (5.72), and combined
with the (r) boundary condition (5.73) to yield
2l(l   1)

1 +
gR
(2l + 1)

C + (l + 1)
D
k
 l(kR)

 k2R2C + 2Rl(l + 1)D 0(kR) = 0:
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Again following Bromwich, we simplify this by relabelling
Q =
D
k
 l(kR); (5.77)
K = kR; (5.78)
X =
 0
l(kR)
 (kR)
; (5.79)
 =
lgR
(2l + 1)
; (5.80)
so that the boundary conditions become
2(l   1)(l + )[C + (l + 1)Q]   CK2 + 2l(l + 1)XKQ = 0 (5.81)
for the rr condition and
2(l   1)C + Q

2(l2   1)   2XK   K2
= 0: (5.82)
for the r one. We can then eliminate C and Q to nd
(l + 1)(K + 2lX) +

l +   
K2
2(l   1)

(K + 2X) = 0: (5.83)
Substituting back the original variables, we nd that for given l, the eigenvalues are the
roots Kln of the equation
fspheroidal

K;l;



=

l +
lgR
(2l + 1)




 
K2
2(l   1)

K + 2
 0
l(K)
 l(K)

+(l + 1)

K + 2l
 0
l(K)
 l(K)

:
(5.84)
This can then be solved numerically to nd the allowed frequencies !ln =
Kln
R
q

.
5.5.3 Finding the spheroidal eigenfunctions
We can also nd the eigenfunctions corresponding to these frequencies. To do this, we
can use the r condition (5.82) to nd a relationship between C and D and so eliminate
C from our form (5.87) for the eigenfunctions:
C = qlnD; (5.85)76 Chapter 5 Oscillation modes of 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where
qln =
1
2(l   1)Rl 3

2j0
l(klnR) +

2(l2 + l   1)
klnR
  klnR

jl(klnR): (5.86)
Our spheroidal eigenfunctions then become

spheroidal
l = D

lqlnrl 1 +
l(l + 1)
r
1
kln
jl(klnr)

Pl er+D

qlnrl 1 +
1
kr
jl(klnr) + j0
l(klnr)

dPl
d
e;
(5.87)
where
Uln(x) = Dln

lqlnrl 1 +
l(l + 1)
r
1
kln
jl(klnr)

(5.88)
Vln(x) = Dln

qlnrl 1 +
1
kr
jl(klnr) + j0
l(klnr)

(5.89)
and the kln =
q

!ln are the roots of the equation fspheroidal
 
x;l; B
A

(5.84) derived
above.
5.5.4 Other perturbed quantities
Using our eigenfunctions , we can nd the perturbed scalar quantities  and p. First,
we can use the boundary condition on , (5.20), to show that
ln = Blnr2P2(cos) (5.90)
with
(2l + 1)BlnRl 1Pl(cos) = 4G(r)ln(R;;): (5.91)
Substituting in the radial part of the spheroidal eigenfunctions (5.87),
ln =
4G
(2l + 1)
Dln

lqln +
l(l + 1)
Rl
1
kln
jl(klnR)

r2P2(cos) (5.92)
We can also nd p using the relation (5.50) between p and 
pln = !2
lnCrlPl(cos)   ln; (5.93)
so thatChapter 5 Oscillation modes of 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pln = Dln

k2
ln qlnrl  
4G2
(2l + 1)

lqln +
l(l + 1)
Rl
1
kln
jl(klnR)

r2

P2(cos): (5.94)
5.6 Oscillations of an incompressible elastic star: numeri-
cal investigation
To further investigate the eigenvalue spectrum and associated eigenfunctions, we will
need to carry out some of the work numerically. We will nd toroidal and spheroidal
eigenvalues by nding roots of the nonlinear equations (5.66) and (5.84) in Mathemat-
ica. We can then plot the corresponding eigenfunctions by using these eigenvalues in
conjunction with the analytic eigenfunction forms (5.57) and (5.87).
For this work we will specialise to the case of l = 2, m = 0 modes, as these are the
ones we nd to be excited by our initial data for our rst glitch model, where the glitch
occurs at zero angular velocity. Obtaining this initial data will be discussed later in
Chapter 7, but its l = 2 character should already seem plausible given that we will be
constructing it using the rotating equililbrium solutions developed in Chapter 4. These
have an angular P2(cos)-dependence which matches that of the l = 2 eigenfunctions
found in the previous section.
Other values of l become important for rotating stars, but as the l = 2 are the most
important for our model we will restrict to looking at those here.
In general, we can parametrise our background stars by their radius, density and shear
modulus (R;;). We can make an arbitrary rescaling of the rst two, as the only free
parameter in determining the spacing of the eigenvalues (5.84) is the ratio

.
For our numerical work we rst scale to unit radius, R = 1. Instead of rescaling the
density  directly, we make the more useful physical choice of rescaling the frequencies
against a typical mode frequency, the l = 2 fundamental Kelvin mode !K of a uid star,
which we calculated earlier in Section 5.4. Specialising the result (5.29) to l = 2, we
have
!K =
r
16
15
p
G: (5.95)
We rescale so that !K = 1, which is equivalent to xing . Finally, for comparison with
our earlier energy results in Chapter 3, we switch from the ratio of shear modulus to
density

 to the ratio of strain energy to gravitational energy (4.82),
B
A
=
57
8GR22: (5.96)78 Chapter 5 Oscillation modes of 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Figure 5.2: A plot of the function ftoroidal. The roots of this function (marked
as black dots) are the toroidal eigenfrequencies.
Combining this with the scaling choices above, we obtain


=
5
 B
A

38
: (5.97)
5.6.1 Finding the eigenvalues
5.6.1.1 Toroidal eigenvalues
The toroidal eigenvalues are the roots of the function ftoroidal (5.66), which for l = 2
becomes
ftoroidal(K;2) = Kj0
2(K)   j2(K) = 0: (5.98)
This function is shown in Figure 5.2. Toroidal modes will not be excited in our initial
glitch model, where the star has zero angular velocity after the glitch. However, these will
become important later once rotation is taken into consideration, and there is coupling
between toroidal and spheroidal modes. The toroidal modes are also simpler to analyse
because the roots of ftoroidal have no dependence on B
A, so they are worth considering
rst. However, the corresponding frequencies do depend on B
A: !n = Kn
q
5
38
 B
A

. We
can see that in the uid limit B = 0, these frequencies are zero as expected.Chapter 5 Oscillation modes of uid and elastic stars 79
5.6.1.2 Spheroidal eigenvalues
In the l = 2 case, the equation we use to nd the eigenvalues (5.84) becomes
fspheroidal

x;2;
B
A

=
 
2 +
4
95
 B
A
  
x2
2
!
x + 2
 0
2(x)
 2(x)

+ 3

x + 4
 0
2(x)
 2(x)

; (5.99)
where we have scaled to unit radius R = 1. We nd that the quantity
 0
l(x)
 l(x) can be
expressed in terms of cylindrical Bessel functions Jl(x) as
 0
l(x)
 l(x)
=  
Jl+ 3
2(x)
Jl+ 1
2(x)
; (5.100)
and so f diverges when x is a root of Jl+ 1
2. It is therefore easier numerically to nd
roots of
g

2;x;
B
A

= J 5
2(x)fspheroidal

2;x;
B
A

: (5.101)
We carry this out in Mathematica using the external package RootSearch [28]; by plot-
ting these functions in Mathematica we can also verify that nding the roots of g gives
us all the roots of f. To interpret the results, we need to convert back from the roots
xn to the frequencies (!n)
2. It will also be helpful to scale these to some typical mode
frequency. In this case we will use the l = 2 fundamental Kelvin mode !K of a uid
star, which we calculated earlier in Section 5.4. Specialising the result (5.29) to l = 2,
we have
!K =
r
16
15
p
G: (5.102)
We can then plot the scaled eigenvalues !2
!2
K
as a function of B
A; the rst 30 of these
are shown in Figure 5.3. Concentrating on a given value of B
A, we can see the start
of an innite set of eigenvalues. The squared frequency !2 scales linearly with B
A and
hence with the shear modulus : this is typical of modes of an elastic solid, which have
frequency 
q

.
The exception to this is the behaviour of the modes closest to the uid Kelvin mode
!K. Around this value, we see avoided crossings between modes. This is characteristic
of systems where two dierent types of mode have a similar frequency [7]: in this case
these are the single uid-like mode close to the Kelvin mode frequency, and one of the
elastic modes of the star.80 Chapter 5 Oscillation modes of uid and elastic stars
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Figure 5.3: Plot showing how the l = 2 mode frequencies of an incompressible
elastic star vary with the ratio of elastic to gravitational energy B
A. On the
y-axis, frequencies are scaled by the fundamental l = 2 Kelvin mode of an
incompressible uid star, !K. For typical neutron star parameters, !K  2000
Hz.
5.6.2 Finding the eigenfunctions
5.6.2.1 Toroidal eigenfunctions
These functions have the form (5.52)
toroidal
2n (x) = W(x)(er  rYlm); (5.103)
where
W(x) = D2njl (k2nx): (5.104)
and the eigenvalues !2n = k2n
q

 are the roots of ftoroidal 5.57. As with the eigenvalues,
we have scaled the equations so that the radius R = 1.Chapter 5 Oscillation modes of uid and elastic stars 81
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Figure 5.4: Plot of the W part of the rst toroidal l = 2 eigenfunctions, as a
function of the fractional radius x = r
R, for B
A = 0:1. The n = 1 eigenfunction
is shown in black and the highest, n = 10 eigenfunction in green.
Figure 5.4 shows a plot of the rst ten toroidal eigenfunctions for B
A = 0:1. The lowest,
n = 1 eigenfunction is shown in black hand and has no nodes; each eigenfunction gains
one more node with increasing n.
5.6.2.2 Spheroidal eigenfunctions
The form of the corresponding spheroidal eigenfunctions has been already been found
analytically (5.87). For l = 2, this becomes

spheroidal
2n (x) = U2n(x)P2 ex + V2n(x)
dP2
d
e; (5.105)
with
U2n(x) = C2n

2q2nx +
6
k2nx
j2(k2nx)

; (5.106)
V2n(x) = C2n

q2nx +
1
k2nx
j2(k2nx) + j0
2(k2nx)

(5.107)
where the C2n are arbitrary constants and82 Chapter 5 Oscillation modes of uid and elastic stars
q2n =
1
2

2j0
2(k2n) +

10
k2n
  k2n

j2(k2nx): (5.108)
As an example, Figure 5.5 shows the rst ten eigenfunctions for B
A = 0:01. The majority
of the eigenfunctions, shown in grey, are elastic modes. These form an ordered sequence
with the lowest n = 1 mode having one stationary point, the n = 2 mode having two,
etc. These modes also have a very small amplitude at the surface.
The eighth eigenfunction, marked in red, has a frequency just above !K and exhibits very
dierent behaviour to the rest of the set. In particular, it has a much larger amplitude
at the surface. This is consistent with this eigenfunction having a hybrid uid-elastic
character: the overall shape of the eigenfunction is similar to the linear l = 2 Kelvin
mode eigenfunction 5.28 for a completely uid star, while the elastic character of the
mode is evident in the oscillations superimposed on this.
This behaviour is generic for all values of B
A in the range B
A = 10 6   1 that we have
studied. As B
A gets smaller, the gap between mode frequencies gets smaller, so that the
single hybrid mode is pushed to higher n. By B
A = 10 6, the hybrid mode is at n = 877.
For lower values of B
A, where the star is closer to a uid star, we should expect the
linear, uid-mode-like behaviour to be recovered. This is indeed what we see in Figure
5.6, where the hybrid mode is plotted for four dierent values of B
A.
Another way to obtain some insight into the behaviour of the eigenfunctions is to pick a
value of n and track the variation of the eigenfunction with B
A. As an example, Figure
5.7 is a surface plot for n = 3, showing how the U part eigenfunction changes between
B
A = 10 3 and B
A = 1. We can see that the eigenfunction changes continuously, but
goes through three distinct phases. For the smallest values of B
A on the right, the three
lowest eigenfunctions are all elastic-type eigenfunctions, and so the n = 3 eigenfunction
is the third elastic eigenfunction with three stationary points. As B
A gets larger there is
a transitional area where the third mode has a hybrid character. For values of B
A larger
than around 0:1, the hybrid mode is found at n = 1 or 2, and so the n = 3 eigenfunction
is again an elastic-type function, this time the second such function with two stationary
points.
The contours projected onto the base of the graph show the how the zeroes of the eigen-
function vary with B
A. This makes it clear that the intermediate, hybrid eigenfunction
has a very dierent character, with no zeroes.Chapter 5 Oscillation modes of uid and elastic stars 83
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Figure 5.5: Plot of the U and V radial parts of the rst ten eigenfunctions, as
a function of the fractional radius x = r
R, for B
A = 0:01. The hybrid uid-like
mode is marked in red; the other modes have an elastic character.84 Chapter 5 Oscillation modes of 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Figure 5.7: Surface plot showing how the U radial part of the n = 3 eigenfunc-
tion varies with B
A. The eigenfunction goes through three distinct phases: in
the middle region around B
A = 0:1 there is a transitional area where this mode
has a hybrid uid-elastic character. The contours projected onto the base of the
graph show the zeroes of the eigenfunction; there are none for the hybrid mode.Chapter 6
Mode excitation by glitches
To nd out which oscillation modes of the star are excited, we need to be able to project
initial data against the basis of oscillation modes of our model. These are the modes of
an incompressible, solid elastic star discussed in Chapter 5.
We will construct the initial data for our glitch model in Chapter 7, using the equilibrium
solutions of Chapter 4. However, to carry out the projection we will also need to show
that we have an orthogonal basis of eigenfunctions of the star after the glitch to project
against.
In this chapter, we will build up to this projection problem by considering a series of three
simpler models of mode excitation: one-dimensional motion in a uid channel, radial
oscillations of a uid star and nally a simple nonradial oscillation problem, again for
a uid star. In the process, we will also develop the mathematical background required
to show that the eigenfunctions are orthogonal, even for our case of an elastic star.
We will start with the uid channel problem, where the eigenfunctions are trigonometric
and the initial data can be written in terms of them as a simple Fourier series; this will
help clarify the details of how we plan to carry out the projection.
For the more complicated stellar oscillation models, we will need to show that the eigen-
functions are orthogonal, so we next describe how to do this. We will show that it is
sucient to demonstrate that the operators in the equations governing the oscillation
modes are Hermitian, given our boundary conditions. We then do this rst for the
simpler case of radial excitation and consider an example of radial mode excitation.
Finally, we will show that the eigenfunctions are orthogonal for the case of nonradial
oscillations of an incompressible elastic star: this is the result we need for our glitch toy
model. As preparation for this, we then discuss a very simple `starquake' model where
we excite a nonradial f-mode in an incompressible uid star; the mode equation in this
case is a special case of that for an incompressible elastic star in the limit of vanishing
shear modulus , so we can use the result just derived.
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6.1 A simple example: uid in a channel
To clarify the projection problem, we will rst discuss a very simple system consisting of
one-dimensional motion of waves in a uid channel with sides at x = 0 and x = L. We
will assume that the unperturbed uid is static, and that it obeys a polytropic equation
of state P = k .
We then disturb the uid, introducing a horizontal displacement (x). This will produce
corresponding changes P,  in the pressure and density, and from the equation of state
we see that
P
P
=  


: (6.1)
The Euler equation (1.28) for the uid motion is
d2
dt2 =  
1

d(P)
dx
; (6.2)
and by conservation of mass (1.25) we also have that
 + 
d
dx
= 0: (6.3)
We can eliminate  from this using the equation of state (6.1), and by combining with
conservation of mass we can obtain a wave equation in terms of  and the background
quantities only:
d2
dt2   a2d2
dx2 = 0; (6.4)
where a =
q
 P
 is the sound speed of the uid. We also make the assumption that the
velocity perturbation has a time dependence v(x;t) = v(x)cos(!t + ), so that the
general solution has the form
 = Acos(!t + )sin
!x
a
+ 

; (6.5)
A and  constants.
6.1.1 Oscillation modes
To determine the oscillation modes of the uid, we need to impose boundary conditions.
We choose to require that the displacement (x) vanishes at the sides of the channel.
The condition at x = 0 gives  = 0, while that at x = L means that the frequency !
must satisfyChapter 6 Mode excitation by glitches 89
! =
na
L
; (6.6)
where n is an integer. The corresponding eigenfunctions are
n(x;t) = An cos(!t + n)sin
n!
a
x

; (6.7)
so that the most general solution can then be written as a sum of these eigenfunctions
(x;t) =
1 X
n=1
An cos(!t + n)sin
n!
a
x

: (6.8)
Substituting this back into the Euler equation (6.2) and integrating, we nd that the
pressure perturbation is
P =
1 X
n=1
Anna2
L
sin(!t + n)cos
n!
a
x

; (6.9)
this also xes the density perturbation. (The constant of integration in both cases can
be shown to be zero from the requirement that mass is conserved in the channel.)
6.1.2 Representing initial data as a sum of oscillation modes
We now wish to represent an arbitrary initial perturbation as a sum of the oscillation
modes. First we note that our wave equation (6.4) is a second order dierential equation
in , so initial conditions on the displacement and velocity
(x;0)  f(x); (6.10)
d
dx
(x;0)  g(x) (6.11)
should fully determine the solution. We show explicitly below that the two undetermined
sets of coecients fAng and fng do in fact give us this freedom to independently choose
an arbitrary initial displacement and velocity.
For this simple example this can be done using ordinary Fourier analysis: we multiply
our initial displacement by sin
 n!
a x

and integrate between x = 0 and x = L to nd
that
An cos(n) =
2
L
Z L
0
f(x)sin
n!
a
x

: (6.12)
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An sin(n) =  
2
!nL
Z L
0
g(x)sin
n!
a
x

; (6.13)
and together these fully determine the solution. These results rely on the standard
orthogonality relations of trigonometric functions. In the more complicated examples
considered later, we will come across dierent sets of eigenfunctions. We need to show
that we can still nd an orthogonal basis to project against.
6.2 Orthogonality of eigenfunctions: general background
In this section, we will use the notation of Friedman and Schutz [31] and write our
eigenvalue problems in the form
!2A + C = 0; (6.14)
where A and C are operators. For example, for the incompressible elastic star of Chapter
5 we can rewrite the mode equation (5.31) so that the operators A and C would be
A  ; (6.15)
C   r(p) + r2i   r() (6.16)
We wish to show that the eigenfunctions of an incompressible elastic star are orthogonal
with respect to the operator A, i.e. that for two eigenfunctions ,  with dierent
eigenvalues ! 6= !, we have
h;Ai = 0: (6.17)
Here the inner product is dened by an integral over the volume V of the star
h;i =
Z
V
  dV: (6.18)
This will follow if the operators A, C are Hermitian (or self-adjoint), i.e. if
h;Ai = h;Ai; (6.19)
h;Ci = h;Ci; (6.20)Chapter 6 Mode excitation by glitches 91
given the boundary conditions that we have. We start by showing this. In the process,
we will also demonstrate that the eigenvalues !2 are always real. The argument is a
standard one, very similar to that found in most quantum mechanics textbooks [72].
We start with the mode equation (6.14) for two eigenfunctions , :
(!)2A =  C; (6.21)
(!)2A =  C: (6.22)
Next we take the inner product of  with the rst equation, and the inner product of 
with the second:
(!)2h;Ai =  h;Ci; (6.23)
(!)2h;Ai =  h;Ci: (6.24)
Taking the complex conjugate of this last equation and using the fact that the operators
A;C are Hermitian (6.19), (6.20) yields
h
(!)2
i
h;Ai =  h;Ci: (6.25)
The right hand side of this is now identical to that of our rst inner product (6.23), so
that
n
(!)2  
h
(!)2
io
h;Ai = 0: (6.26)
In the special case where  = , we then have
(!)2 =
h
(!)2
i
; (6.27)
showing that the eigenvalue (!)2 is real for every eigenfunction . If (!)2 > 0, the
frequency ! itself is real and the eigenfunction (x;t) = ei!t(x) is oscillatory in nature.
If (!)2 < 0, the frequency is imaginary and the perturbation can grow exponentially
(the system is dynamically unstable) [26]. In the systems we have analysed in Chapter
5, all the eigenvalues are positive.
For  6=  our equation (6.26) then becomes
n
(!)2   (!)2
o
h;Ai = 0: (6.28)92 Chapter 6 Mode excitation by glitches
If (!)2 6= (!)2, by the denition of A (6.15) we have
h;i = 0; (6.29)
i.e. the eigenfunctions are orthogonal with respect to this inner product.
We will now discuss two special cases in detail. One is that of purely radial oscillations,
considered in Section 5.12; we will use this relatively straightforward example to demon-
strate how to carry out projection of initial data against the basis of modes. The second
is that of oscillations of the incompressible, self-gravitating elastic star of Section 5.5.
This case is particularly important to us, as we will later be using this basis of modes
in our starquake model. We will then illustrate how to use this in a toy model, for the
special case of a purely uid star.
6.3 Radial mode excitation for a uid star
For our next illustrative example, we will consider the case of excitation of radial modes
of a uid star. This is not the stellar model we will be using in our glitch calculations,
but it does allow us to test some of the projection theory in a simpler context. We found
the general equation (5.12) governing these modes in Section 5.3. First we will need to
show that this can be put into self-adjoint form.
6.3.1 Orthogonality of eigenfunctions for radial oscillations
To show orthogonality, we will start by writing our mode equation (5.12) in the form
!2a + c = 0; (6.30)
where a and c are the operators
a = ; (6.31)
c =  1P00 +

2 1
P
r
+  1P0

0 +
1
r2
 
 2 1P   4rP + 2 1rP0
: (6.32)
The boundary conditions are
 = 0 at r = 0; (6.33)
 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Currently, the operators a and c are not Hermitian. However, we can show that we can
always put a second order linear equation with real coecients into Hermitian form by
multiplying by a suitable integrating factor. In general, this equation will have the form
L = P(r)00 + Q(r)0 + R(r) = 0; (6.35)
with P, Q and R real. Taking the inner product with another eigenfunction , we have
h;Li =


;P(r)00
+


;Q(r)0
+ h;R(r)i; (6.36)
which written out in full becomes
h;Li =
Z R
0


P(r)
d2
dr2 + Q(r)
d
dr
+ R(r)

dr (6.37)
To see if this is Hermitian, we now want to compare this with
h;Li
 =
Z R
0


P(r)
d2
dr2 + Q(r)
d
dr
+ R(r)

dr; (6.38)
where we have used the fact that P, Q and R are real. To make this comparison, we
need to `shift the operators across' from  to . We can accomplish this by integrating
by parts twice on the rst term and once on the second, obtaining
h;Li =
Z R
0


d2
dr2(P(r))  
d
dr
(Q(r)) + R(r)

dr + boundary term: (6.39)
We will deal with the boundary term later. Expanding the integral out, we get
h;Li =
Z R
0


P
d2
dr2 +

2
dP
dr
  Q

d
dr
+

d2P
dr2  
dQ
dr
+ R



dr: (6.40)
Comparing this term-by-term with the previous equation, we nd that for L to be
Hermitian we need
Q =
dP
dr
; (6.41)
i.e. our operator L needs to be of the form
L0 
d
dr

p(r)
d
dr

+ (r): (6.42)
This is know as Sturm-Liouville form [17]. We can transform any second order linear
operator L (6.35) to this form by multiplying through by the integrating factor94 Chapter 6 Mode excitation by glitches
h(r) =
1
P(r)
exp
Z 
Q(r)
P(r)

dx

: (6.43)
We also need the boundary term of the inner product (6.39) to be zero. This term is
boundary term =

P
d
dr
 
d
dr
(P) + Q

r=a;b
; (6.44)
so for a Hermitian operator we need

p(x)

d
dr
  d
dr

r=a;b
= 0: (6.45)
This can be satised for a wide range of boundary conditions [61]; we will show this just
for our case of radial oscillations (6.30), where we have
P(r) =  1P; (6.46)
Q(r) =
1
r2 ( 1P): (6.47)
In this case the integrating factor is
h(r) = r2: (6.48)
Multiplying through by this, we get
!2A + C = 0; (6.49)
with the Hermitian operators A and C dened by
A = !2r2; (6.50)
C =
d
dr
 
 1Pr2
+
 
 2 1P   4rP + 2 1rP0 + !2r2

: (6.51)
We also need to check that the constraint on the boundary conditions (6.52) is satised.
In our case this becomes

r2 1P

d
dr
  d
dr

r=0;R
= 0: (6.52)
This is clearly satised at r = 0, and also at the surface r = R where the pressure P
vanishes. The eigenfunctions are then orthogonal with respect to the operator A:Chapter 6 Mode excitation by glitches 95
h;Ai = 0 (6.53)
for dierent eigenfunctions ; with !2
 6= !2
.
6.3.2 Using initial data to calculate mode excitation
To give an analytic example of mode excitation, we will now specialise to the case of
compressible perturbations on a homogeneous background star, studied in Section 5.3.
Our equation for the perturbations (5.13) can be put into the Sturm-Liouville form of
the previous section as
d
dx
 
(x4   x2)0
+ (2   Ax2) = 0: (6.54)
We have seen that the eigenfunctions of this problem are polynomials
n =
n X
i=0
cixi+1; (6.55)
with odd coecients zero, and even coecients satisfying
ci+2
ci
=
i2 + 5i + 4   A
i2 + 7i + 10
; (6.56)
where
A = n2 + 5n + 4; n = 0;2;4::: (6.57)
The rst two eigenfunctions are
0(x) =
p
5x; (6.58)
1(x) =
15
2

 
7
5
x3 + x

: (6.59)
We now want to use our basis of orthonormal eigenfunctions to represent an arbitrary
initial perturbation, with initial displacement and velocity
(x;0) = f(x); (6.60)
d
dt
(x;0) = g(x): (6.61)96 Chapter 6 Mode excitation by glitches
We know that a general perturbation  has the form
(x;t) =
1 X
n=0
ann cos(!nt + n); (6.62)
where an and n are constant, so
f(x) =
1 X
n=0
ann cos(n); (6.63)
g(x) =  
1 X
n=0
an!nn sin(n): (6.64)
Using our orthonormality condition, we can then multiply by w(x)m, where w(x) = x2
is the weight function, and integrate over [0;1] to nd that
an cos(n) =
Z 1
0
f(x)nx2dx; (6.65)
 an!nn sin(n) =
Z 1
0
g(x)nx2dx: (6.66)
We can then reconstruct the original functions f(x) and g(x) as a sum of these coe-
cients. To nd the amplitude an of each excited mode, we can take
an =
 Z 1
0
f(x)nx2dx
2
+
1
!2
n
Z 1
0
g(x)nx2dx
2! 1
2
: (6.67)
The phases n can be found from
tan(n) =  
!n
R 1
0 f(x)nx2dx
R 1
0 g(x)nx2dx
: (6.68)
As an example, consider the initial data
(x;0) = x3; (6.69)
d
dt
(x;0) = 0: (6.70)
Using (6.65), we nd
am cosm =
Z 1
0
mx5dx (6.71)Chapter 6 Mode excitation by glitches 97
and
am sinm = 0: (6.72)
The second condition xes n = 0 for all values of n. We can then substitute the rst
two eigenfunctions (6.58) (6.59) into (6.71) to x our amplitudes as
a0 =
p
5
7
; (6.73)
a1 =  
2
21
: (6.74)
We can check these by reconstructing our original displacement in terms of our basis of
normalised eigenfunctions
0 =
p
5x; (6.75)
1 =
15
2

 
7
5
x3 + x

: (6.76)
We nd that, as expected,
a00 + a11 =
p
5
7
(
p
5x)  
2
21

15
2

 
7
5
x3 + x

= x3: (6.77)
6.4 Orthogonality of eigenfunctions for oscillations of an
incompressible elastic star
First, though, we will show that the eigenfunctions of the star in our glitch model are
orthogonal. This is the case of a completely solid, elastic incompressible star, discussed
in Section 5.5. In this case the mode equation (5.31) can again be written in the form
Aij!2j + Cijj = 0; (6.78)
where the operators A and C are dened by
Aijj  j (6.79)
Cijj  rjT
j
i   ri: (6.80)98 Chapter 6 Mode excitation by glitches
Here T is the stress-energy tensor
Tij =  pij + (rij + rji): (6.81)
The boundary condition (5.58) at the surface r = R can then be written in terms of Tij
as
(Tij   krkpij)^ ri = 0: (6.82)
The operator A is just multiplication by a scalar function, so it is Hermitian. We need
to show that the operator C is also Hermitian. As we found in Chapter 5 that all the
eigenfunctions and associated quantities p,  are all real, this just involves showing
that C is symmetric,
h;Ci = h;Ci: (6.83)
The symmetry of the operator C has been shown for the cases of nonradial oscillations
of stationary, perfect uid stars [21, 53, 31] and for the incompressible uid star [22].
We will follow a similar method here.
Writing the inner product out in full,
D
i;C
j
i j
E
=
Z
V
rjT
j
i idV +
Z
V
(ri)idV: (6.84)
It is then sucient to show that each term of the right hand side is symmetric in i and
i, given our boundary conditions. We will then have h;Ci h;Ci = 0, and so C is
symmetric.
To do this for the T
j
i term, we rst integrate by parts:
Z
V
rjT
j
i idV =  
Z
V
(rji)T
j
i dV +
Z
@V
iT
j
i dSj: (6.85)
For the surface term, we can use the boundary conditions (6.82) to substitute in Tij, so
that
Z
@V
iT
j
i dSj =
Z
@V
rrdp
dr
dSr; (6.86)
where we have used the spherical symmetry of the background star. This term is sym-
metric in  and .
For the volume term, we expand out T
j
i so thatChapter 6 Mode excitation by glitches 99
 
Z
V
(rji)T
j
i dV =  
Z
V
(rji)

 p
j
i + rij + rji

dV (6.87)
The rst term of this is zero by incompressibility, while the third term is already sym-
metric. To deal with the second term, we will integrate half by parts with respect to
ri, and half with respect to rj, so that
 
Z
V
(rji)
 
rij
dV =
1
2
Z
V
irj(rij)dV  
Z
@V
irijdSj
+
Z
V
jri(rji)dV  
Z
@V
jrjidSi
 (6.88)
Using the product rule on the volume terms, this becomes
 
Z
V
(rji)
 
rij
dV =
1
2
Z
V
(rj)i(rij)dV +
Z
V
irjrijdV
+
Z
V
(ri)j(rji)dV +
Z
V
jrirjidV
 
Z
@V
irijdSj  
Z
@V
jrjidSi

:
(6.89)
The shear modulus  is constant over the surface of the star, and so its derivative ri
is non zero only at the surface,
ri =  (r   R)^ ri: (6.90)
The terms containing ri then cancel with the two surface terms to leave
 
Z
V
(rji)
 
rij
dV =
Z
V
irjrijdV +
Z
V
jrirji: (6.91)
These two terms are zero, as can be seen by commuting ri and rj and using the
incompressibility condition so that nally we have
Z
V
rjT
j
i idV =
Z
@V
rrdp
dr
dSr  
Z
V
(rji)(rji): (6.92)
Returning to the  term of (6.84), we can show that this is symmetric by again inte-
grating by parts, so that
Z
V
riidV =  
Z
V
ri(i) +
Z
@V
idSi: (6.93)
Considering the volume integral 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ri(i) = iri =  (r   R)r; (6.94)
so in fact the integrand is only nonzero at the surface. Rewriting it as a surface integral,
Z
V
riidV = 2
Z
@V
idSi: (6.95)
We can then use the fact that  is a solution of Poisson's equation,
 =  G
Z
V 0
0
jxi   x0ij
d3x0: (6.96)
Using the continuity equation (4.11) to rewrite , we obtain
Z
V
riidV =  2G
Z
@V
Z
@V 0
2rr
jxi   x0ij
dS0
rdSr: (6.97)
which is symmetric in  and .
We have now shown that C is a symmetric operator, and so the eigenvalues of a self-
gravitating elastic incompressible star are orthogonal with respect to A  :
h;Ai = 0; !2
 6= !2
: (6.98)
6.5 Nonradial mode excitation: a `starquake' toy model
As an example of nonradial mode excitation, we will consider a toy model of a rotating
incompressible star, in which a `starquake' is produced by the sudden articial removal
of all angular momentum from the star. The star will then be out of equilibrium,
and oscillate about its spherical equilibrium conguration. Although this is a highly
unrealistic example, it is useful for understanding how to represent a given nonradial
perturbation as a sum of oscillation modes, as we can already take advantage of the
work done in Section 5.4 calculating the fundamental Kelvin mode of an incompressible
uid star, and of our calculations of rotation shapes in Chapter 4.
6.5.1 Initial data and trivial displacements
We now wish to nd out which modes of the star are excited by given initial data for the
displacement and velocity elds. For a nonradial problem these are now vector functions:
i
0(ri) = i(ri;0); (6.99)Chapter 6 Mode excitation by glitches 101
di
0
dt
(ri) =
di
dt
(ri;0): (6.100)
The initial data should describe the equilibrium state of the star before the `starquake' as
a perturbation of the star in the equilbrium state it settles down to afterwards. In this toy
model, the equilibrium state after the starquake is a spherical star, so the displacement
vector eld i
0 should connect points in the spherical star to the corresponding points in
the rotating star.
In Section 4.3, we found that the only part of this we can calculate unambiguously for a
uid star is the radial displacement eld at the surface of the star. We will now discuss
this in more detail. The problem is related to the fact that an ideal uid is insensitive
to shear stresses, so that it is possible to reorder uid elements without aecting the
macroscopic properties of the uid. This means that the Eulerian perturbations of
the pressure and gravitational potential (4.24) and (4.25) are not enough to uniquely
determine the displacement eld of the star.
Dierent displacement elds that correspond to the same set of macroscopic properties
are said to dier by a trivial displacement (see Friedman and Schutz [31]). For these
trivials, the corresponding Eulerian perturbations all vanish.
We can make one obvious choice for the displacement eld of the whole star by taking
the  ! 0 limit of the displacement eld of a rotating incompressible elastic star, which
we calculated previously, eqs. (4.84) and (4.85). This is labelled in Figure 6.1 a) as i
rot:
i
rot =

2
8G2R2

(3r3   8R2r)P2(cos)er +

5
2
r4   4R2r2

rP2(cos)

: (6.101)
However, this initial displacement is not a sum of the eigenfunctions of the background
spherical star. We have already found the general form (5.28) of these eigenfunctions,
rewritten here as
i
kelvin =
1 X
l=0
m=l X
m= l

lAlmrl 1Ylmer: + AlmrlrYlm

; (6.102)
and i
rot cannot be put into this form. Instead, we will try to match the radial component
of i
rot at the surface to i
kelvin. This can be done, and we nd that A20 =   5
2
16G and
all other coecients are zero. This gives us a set of initial data
i
initial =  
5
2
16G
 
2rY20er + r2rY20

; (6.103)102 Chapter 6 Mode excitation by glitches
a)
b)
c)
 ξ
rot
spherical
background 
star
rotating
star
Kelvin mode
ξ
initial  
ξ
rot - ξ
initial
(trivial displacement)
J >0
J =0
Figure 6.1: Diagram illustrating the dierence between the displacement eld of
the rotating star i
rot, found by taking the  ! 0 limit of the rotating elastic star,
and the initial data i
initial we use for the starquake. a) i
rot maps the spherical,
nonrotating background star to its rotating conguration. b) i
initial maps the
background star to the l = 2 Kelvin mode of the star, with the amplitude chosen
to match the surface shape of the rotating star. c) The dierence between these,
i
rot   i
initial, is a trivial displacement.
labelled in Figure 6.1 c). We can show that this is an acceptable substitute for i
rot by
showing that the Eulerian perturbations of uid quantities match in both cases, meaning
that the dierence i
rot   i
initial is a trivial displacement (Figure 6.1 b)). This gives us
condence that the macroscopic properties of the star are the same in both cases.
We can expect issues of this kind to arise in any projection problem for a uid star, so
this analysis should provide useful insight for the more realistic case of a uid star with
a solid core. However, to construct our initial data for the glitch in later chapters we will
be considering completely solid elastic stellar models, for which there is no ambiguity in
nding the displacement eld.Chapter 7
The glitch toy model: glitch at
zero spin
We are now in a position to bring in many of the elements developed in previous chapters,
and construct our rst full toy model of a starquake. In this initial toy model, we assume
that the star spins down to zero angular velocity before `glitching', which we model as
a sudden loss of strain from the star.
This toy model may appear to be too much of a simplication, in that we have lost
the key observational feature of the glitch, the sudden change in frequency of the star.
However this model does give us considerable insight into constructing the initial data,
and into the types of oscillation mode excited. In both cases there are enough new ideas
to be introduced that it is worth discussing this model in detail, before adding in the
extra complications of rotation in Chapter 9.
The basic idea of the model is to project initial data describing the starquake against the
set of normal modes of the star after the glitch, in order to see which ones are excited.
This process has three stages:
 First we construct the initial data, which will take the form of a displacement
eld describing how far particles in the star are displaced from equilibrium after
the glitch. To do this, we will need to nd the new equilibrium state of the star
after the starquake. This will require the equilibrium models of a rotating star
developed in Chapter 4.
 Next,we calculate the oscillation modes of this new equilibrium state. We will see
that for this purpose we can approximate the star as spherical, so the oscillation
modes are those of the elastic star found in Chapter 5.
 Finally, we can project the initial data against this set of modes. This relies on
these eigenfunctions being an orthogonal set, which we have shown in Chapter 6.
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We will start the chapter by giving an overview of our model for the glitch. We will
then make some energy estimates to get an order-of-magnitude idea of the amplitudes
of the modes that are likely to be excited in this model, as a check before we move on
to a detailed construction of the initial data for the model. Finally, we will project this
initial data against the normal modes of the star after the glitch and discuss the results.
7.1 Overview of the glitch model
In our toy model for a glitch, we assume that the star is completely solid and incom-
pressible. As in Chapter 3, we will describe our model using our terminology of Stars
A{D, rst introduced in Section 2.2. The stages of the model are illustrated in Figure
7.1.
Star A is relaxed and spinning with angular velocity 
A. In its relaxed state, the star
will have the same shape as a completely uid star.
This star will then spin down as it loses energy. This will cause it to become less oblate,
inducing a strain eld in the star as it is deformed from its relaxed conguration. We
expect the starquake to occur at the point where the strain has built up to some critical
level where the crust can no longer support it.
We will model the special case where the starquake occurs when the star has reached
zero angular velocity { this is Star B in the gure. This is now a strained conguration,
and the strain eld can be calculated from the displacement eld AB(xi) that connects
particles in the unstrained Star A to their new positions in Star B.
We now need to specify our model of the glitch. We will use a special case of the model
in Chapter 3:
We again assume that all the strain is lost from the star at the glitch, so that
the new, unstrained reference state of the star is that of Star B. Furthermore,
we assume that this energy is just lost from the star (goes into heat), rather
than going into kinetic or gravitational energy. This means that the mass
distribution of the star will not be changed at the glitch: particles in Star C
immediately after the glitch are not displaced from their positions in Star B.
After the glitch, the star will now be out of equilibrium (Star C), and so it will start
to oscillate. These oscillations will be damped until the star nally reaches a new equi-
librium conguration (Star D). This equilibrium state is deformed from its unstrained
state, Star C, and so has some residual strain constructed from the displacement eld
CD. This means that although it has zero spin, it is not completely spherical.Chapter 7 The glitch toy model: glitch at zero spin 105
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Figure 7.1: Diagram showing the main stages of the glitch model when the
glitch occurs at zero spin. The star starts relaxed and spinning with initial
velocity 
A. It then spins down to zero angular velocity, building up strain. The
glitch is described by a sudden loss of strain, and the star then settles to a new
equilibrium state. The equilibrium states A, B and D are found as perturbations
about a spherical background, S. The maps  track the displacements of particles
in S to their new positions in Stars A { D, while the  displacement elds map
between A { D.106 Chapter 7 The glitch toy model: glitch at zero spin
7.2 Energy estimates for the glitch model
In this section, we make some estimates of the energy released at the glitch, using the
method of Chapter 3. This time, though we will be assuming that the glitch occurs at
zero angular velocity, so that 
B = 0. We will also be using our glitch model in which
the strain is lost from the star at the glitch, so that the change in energy is the dierence
between the energies of Stars C and D (rather than that between B and D as in Chapter
3).
Specialising our results (3.5), (3.6) to 
B = 0, we nd that to rst order in b = B
A, the
ellipticities of Stars A and B are
"A =
IS
2
A
4A
; (7.1)
"B = b"A: (7.2)
The energy of Star B in this case has no kinetic energy term:
EB = ES + A"2
B + B ("A   "B)
2 : (7.3)
In our model, the star loses its strain energy at the glitch, so that immediately afterwards
its energy is
EC = ES + A"2
B: (7.4)
It then settles down to the new equilibrium state Star D, with 
D = 0. Using our
formula for the ellipticity of D (3.11) we have
"D =
B
A + B
"B; (7.5)
This is O(b2), so that to the order we are working we can take the shape of Star D as
spherical, and "D = 0. Its energy then only contains a strain contribution,
ED = ES + B"2
B; (7.6)
and this is also O(b2), so that we can take its energy to be that of the spherical star,
ED = ES. The energy available at the glitch is then the dierence in energy between
Stars C and D,
ECD  EC   ED = A"2
B: (7.7)Chapter 7 The glitch toy model: glitch at zero spin 107
We can write this as
E =

IS
2
A
4A
2
b2: (7.8)
This is the energy available to be converted into oscillations at the glitch. We expect
the mode energy Emode to have the form
Emode  IS!22
CD (7.9)
where ! is the frequency of the oscillations and CD is a dimensionless number charac-
terising their amplitude. Equating this to the energy in the initial data E (7.8), we
nd that for b  1,
2
CD 
1
4


A
!
2
b2IS
2
A
4A
: (7.10)
For a star of density  and shear modulus  we have the approximate scaling [16]
A  G2R5; (7.11)
B  R3; (7.12)
IS  R5: (7.13)
The oscillation mode frequency will depend on what kind of mode is excited. We have
seen in Chapter 5 that our background star has two types of modes: elastic modes with
a frequency ! 
q

, and a single mode similar to the f-mode of a uid star. For these
estimates we will use this uid-type mode, which has scaling
! 
p
G: (7.14)
We will see later that this is a good choice for our particular initial data. Combining
these, we get an estimate for the surface amplitude of the oscillations,
 

2
A
G

B
A

=

2
A
G2R23 : (7.15)
We can use this as a consistency check for the scaling of the detailed amplitude calcu-
lations to follow.108 Chapter 7 The glitch toy model: glitch at zero spin
7.3 Initial data for the glitch model
7.3.1 Plan of the calculation
Our initial data takes the form of a displacement and velocity eld connecting the state
of the star immediately after the glitch { Star C of our scheme { with the new equilibrium
state, Star D.
We describe Stars A-D in terms of their deformation from the spherical background,
Star S. This star has pressure p and gravitational potential , and is in hydrostatic
equilibrium
  rip   ri = 0: (7.16)
The spherically symmetric solutions of this have pressure
p(r) =
2
3
G2(R2   r2); (7.17)
where R is the radius of the star.
To keep track of Lagrangian perturbations between dierent congurations, we label
maps from the spherical background to Stars A-D with displacement elds , and maps
between Stars A-D with displacement elds  (see Figure 7.1). In this notation, the
initial data we want to calculate is the displacement eld DC.
We are also able to independently specify the initial velocity eld, _ DC. In this toy
model we take _ DC = 0, because we are assuming that the strain is suddenly removed
from the star but the particles of the star remain at rest.
We nd the initial data DC by constructing a sequence of equilibrium models to describe
Stars A, B and D. Equilibria of this type were constructed in Chapter 4, so here we start
by summarising the equations and boundary conditions that we need.
Each model obeys an equation of motion of the type
  ri(
2r2 cos2 ) =  rip + rjTij   ri; (7.18)
where the centrifugal force is balanced by pressure, strain and gravitational potential
perturbation terms.
Star C is out of equilibrium and so does not satisfy this equation of motion. However, we
will see that in this case it is sucient to specify the surface shape of Star C immediately
after the glitch, which is the same as that of Star B.Chapter 7 The glitch toy model: glitch at zero spin 109
For each equilibrium solution, we also have Poisson's equation for the gravitational
perturbation (4.46)
r2 = 4G; (7.19)
and the continuity equation (4.47)
 + ri(i) = 0: (7.20)
The perturbations are also constrained to be incompressible,
rii = 0: (7.21)
At the surface, we have the traction boundary condition (4.50),
  (p(R))ir + 2uir(R) = 0; (7.22)
while the gravitational perturbation  must satisfy the jump conditions (4.17)
[]
R+
R  = 0; (7.23)

d
dr
()
R+
R 
= 4Gr(R;;): (7.24)
7.3.2 Details of the calculation
Star A is an unstrained equilibrium conguration spinning at angular velocity 
A, and
so satises the system of equations
 ri(
2
Ar2 cos2 ) =  ripSA   riSA (7.25)
r2SA = 4GSA (7.26)
SA + ri((SA)i) = 0; (7.27)
along with the surface boundary condition
  (pSA(R))ir + 2uSA
ir (R) = 0; (7.28)
and the jump conditions (7.23), (7.24) on SA. These are the same equations as a uid
star rotating at the same rate. In this case we are unable to x the full displacement110 Chapter 7 The glitch toy model: glitch at zero spin
eld SA. However, we are able to nd the radial component of SA evaluated at the
surface,
(r)SA(R;) =  
5R
2
A
8G
P2(cos): (7.29)
This is enough to nd the surface shape of Star A, which we will nd is all that is
required for our model.
Star B is a strained, nonspinning equilibrium conguration which was relaxed when
spinning at angular velocity 
A, and so satises
0 =  ripSB   rjTAB
ij   riSB; (7.30)
r2SB = 4GSB; (7.31)
SB + ri((SB)i) = 0 (7.32)
along with the boundary condition
  (pSB(R))ir + 2uSB
ir (R) = 0; (7.33)
The pressure and gravitational potentials are perturbations about the spherical back-
ground S, while the strain force rjTAB
ij is built from the displacement eld AB between
the unstrained Star A and the current conguration. This displacement eld was cal-
culated in Chapter 4 (4.84), (4.85); here we specialise to the case where the star was
relaxed at 
A and is currently not spinning, 
B = 0.
AB(r;) = UAB(r)P2(cos)er + V AB(r)rP2; (7.34)
where P2(cos) are the l = 2 Legendre polynomials, and the radial functions UAB and
V AB are
UAB(r) =  
1
8GR2

2
A
1 + b
 
3r3   8R2r

; (7.35)
V AB(r) =  
1
8GR2

2
A
1 + b

5
2
r4   4R2r2

: (7.36)
Using this, we can also nd the surface shape of Star B,
(r)SB(R;) =  
5R
8G
b
1 + b

2
AP2(cos): (7.37)Chapter 7 The glitch toy model: glitch at zero spin 111
Star C is out of equilibrium so we are unable to calculate maps between it and Star B
in the same way. However, in our model it is sucient to use the constraint that the
surface shape is the same as that of Star B, SB
r (R) = SC
r (R).
Star D is an equilibrium conguration, so we can again write the equations of motion
for it as a perturbation about Star S:
0 =  ripSD   rjTCD
ij   riSD; (7.38)
r2SD = 4GSD; (7.39)
SD + ri((SD)i) = 0 (7.40)
Here the strain force term rjTCD
ij depends on the deformation from the unstrained
conguration C. As before we also have the surface boundary condition
  (pSD(R))ir + 2uCD
ir (R) = 0; (7.41)
To nd the CD displacement eld, we rst write it in the form
CD(r;) = UCD(r)P2(cos)er + V CD(r)rP2; (7.42)
as for AB. To x UCD and V CD, we follow a similar method to that of Franco, Link
and Epstein [30], dening hSD such that
hSD =  pSD   SD (7.43)
and using the mode equation (7.38) to nd that
hSD = H2r2P2(cos); (7.44)
H2 constant. Substituting this back into the mode equation and using the incompress-
ibility condition (7.21), the displacement eld is
UCD(r) = Cr  
1
7
H2r3; (7.45)
V CD(r) =
1
2
Cr2  
5
42
H2r4; (7.46)
where C is another constant. This can be xed along with H2 by using the boundary
conditions (7.41). From the (r) condition we get that C = 8
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UCD(r) =
H2
21
 
8R2r   3r3
; (7.47)
V CD(r) =
H2
21

4R2r2  
5
2
r4

: (7.48)
For the (rr) condition, we can rst write pSD in terms of hSD and SD (7.43). To
nd SD, we use the jump conditions (7.23) and (7.24) on  to express it terms of
the displacement eld at the surface,
SD =
8G
15
r
 
0SC
r + UCD(r)

P2(cos): (7.49)
We can then substitute in the form of UCD (7.47), and the surface shape of Star C, 0SC
r .
It is at this point that we use our model assumption that Star C has the same surface
shape as Star B, (7.37).
Rearranging for H2, we nd
H2 =
21
8GR2
K
2
A
(1 + K)2; (7.50)
and so the displacement eld CD (7.42) is then given, with the radial functions
UCD(r) =
1
8GR2
b
(1 + b)
2
2
A
 
8R2r   3r3
: (7.51)
V CD(r) =
1
8GR2
b
(1 + b)
2
2
A

4R2r2  
5
2
r4

: (7.52)
For b  1 we nd that at the surface
UCD(R)   
5R
8G
b
2
A: (7.53)
This shows the same scaling (7.15) as in our previous energy estimates in Section 7.2.
We then nd that the surface shape of Star D, (0)SD(R), is
SD(R;) =  R
K2
2
A
(1 + K)2P2(cos); (7.54)
where we have also used the surface shape of Star C, (7.37).
In our model, we only determined the change in the displacement eld at the star: we
have not specied the pressure perturbation pSD. However, for a homogeneous star the
shape of the star is enough to determine the gravitational potential perturbation, and
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SD = B2r2P2(cos); (7.55)
with
B2 =  
4G
5R
0SD
r (R): (7.56)
Inserting in the value of  and rearranging, we get that
SD =

2
A
2
K2
(1 + K)2r2P2(cos): (7.57)
To nd CD, we then need to subtract SC, which is the same as SB (as the star's
shape is unchanged immediately after the glitch). We derived this previously in Chapter
4 for arbitrary spin (4.95). Specialising to 
 = 0 we get
SC =
1
2
K
2
A
1 + K
r2P2(cos) (7.58)
so that
CD =  
1
2
K
2
A
(1 + K)2r2P2(cos): (7.59)
7.3.3 Summary
For future reference, we collect together the main results of this section to obtain our
initial data for the glitch model. This initial data takes the form of a map from the
new equilibrium state Star D to Star C, so we will actually need the negative of the
displacement eld calculated here, DC =  CD. The initial displacement then takes
the form
DC(r;) = UDC(r)P2(cos)er + V DC(r)rP2; (7.60)
where
UDC(r) =  
1
8GR2
b
(1 + b)
2
2
A
 
8R2r   3r3
: (7.61)
V DC(r) =  
1
8GR2
b
(1 + b)
2
2
A

4R2r2  
5
2
r4

; (7.62)
while the initial velocity is zero:114 Chapter 7 The glitch toy model: glitch at zero spin
_ 
DC
(r;) = 0: (7.63)
The corresponding perturbed gravitational potential is
CD =
1
2
K
2
A
(1 + K)2r2P2(cos): (7.64)
7.4 Projecting the initial data
In this section, we will take the calculated initial displacement eld and project it against
a basis of the eigenfunctions of Star D. In the current model where the star spins down
to zero angular velocity before glitching, we can approximate Star D as spherical { this
is shown in Appendix A. The eigenfunctions of D are then those of the spherical elastic
star, calculated in Section 5.5.
This projection will give us the amplitudes of the modes excited. We will rst outline
how to do this, before moving on to discussing the results.
7.4.1 Theory
We will be projecting against a basis of eigenfunctions with the full, time-dependent
form
(x;t)  
(0)(x)ei!t: (7.65)
Here, we have used the superscript  as a shorthand to label each mode, i.e.   (n;l;m).
The initial data is then a sum over these modes, with each eigenfunction  excited
by some amplitude b. The initial data is real, so to ensure that the sum over the
eigenfunctions is also real we write it as
ID(x) =
1
2
X

h
b
(0)(x) + b
(0)(x)
i
; (7.66)
_ ID(x) =
1
2
X

h
i!b
(0)(x)   i!b
(0)(x)
i
: (7.67)
The complex conjugate is not really necessary in this chapter, where we are projecting
against the real eigenfunctions of a nonrotating star. However, it will be required later
when we extend to the rotating case and the eigenfunctions have an imaginary part, so
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We saw in Section 6.2 that these eigenfunctions are orthogonal with respect to the
density , which is constant throughout the star. We will scale our eigenfunctions so
that they are orthonormal:
D
;
E
= : (7.68)
Our aim is to nd these amplitudes b, by using the orthogonality properties of the
eigenfunctions . First we take the inner product with one of the eigenfunctions, 

(0):
D


(0);ID
E
=
1
2
X

h
b
D


(0);
(0)
E
+ b
D


(0);
(0)
Ei
; (7.69)
D


(0); _ ID
E
=
1
2
X

h
i!b
D


(0);
(0)
E
  i!b
D


(0);
(0)
Ei
: (7.70)
Using orthogonality of the eigenfunctions,
D


(0);ID
E
=
1
2

b + b

; (7.71)
D


(0); _ ID
E
=
i
2
!

b   b

: (7.72)
Finally, we rearrange to get the amplitudes b. We have
b = 2
D


(0);ID
E
  b; (7.73)
so that eliminating b gives
D


(0); _ ID
E
=
i
2
!b  
i
2
!

2
D


(0);ID
E
  b

; (7.74)
and the amplitudes are then
b =  
i
!
D


(0); _ ID
E
+ i!
D


(0);ID
E
: (7.75)
7.4.2 Results
We can now use this result to project our initial displacement eld (7.82) and (zero)
velocity eld against an orthonormal basis of the l = 2 spheroidal eigenfunctions (5.105)
calculated in Section 5.5. We have shown that these have the form116 Chapter 7 The glitch toy model: glitch at zero spin
2n(x) = U2n(x)P2 ex + V2n(x)
dP2
d
e; (7.76)
where the radial functions U and V are
U2n(x) = C2n

2q2nx +
6
k2nx
j2(k2nx)

; (7.77)
V2n(x) = C2n

q2nx +
1
k2nx
j2(k2nx) + j0
2(k2nx)

: (7.78)
The C2n are constants xed by normalisation, and q2n is the constant
q2n =
1
2

2j0
2(k2n) +

10
k2n
  k2n

j2(k2n); (7.79)
with
k2n = !2n
r


: (7.80)
Here we have scaled the eigenfunctions so that x is the fractional radius, x = r
R. The
frequencies !2n are scaled so that !K = 1, where !K is the l = 2 fundamental Kelvin
mode of a uid star; this is equivalent to specifying that
r
16G
15
= 1: (7.81)
We also need to rescale our initial data (7.82) in the same way. After rescaling we have
DC(x;) = UDC(x)P2(cos)er + V DC(x)rP2; (7.82)
where
UDC(x) =  
2
15
b
(1 + b)
2 
2
A
 
8x   3x3
; (7.83)
V DC(x) =  
2
15
b
(1 + b)
2 
2
A

4x2  
5
2
x4

: (7.84)
The remaining free parameter is 
2
A. We will choose to scale our initial data so that

A = 1: (7.85)
We can now project the scaled initial data against our basis of eigenfunctions, obtaining
the amplitudes b (7.75) using the methods of the last section.Chapter 7 The glitch toy model: glitch at zero spin 117
Physically, we are more interested in the energy in each mode than its amplitude. As
the modes we are interested in are all m = 0 modes, there is a point in each oscillation
where the star is spherical and all the energy is kinetic. This means that we can use the
kinetic energy in each mode to calculate energy in each mode,
E =
1
2
(!)2jbj2
Z
V
jj
2 dV: (7.86)
As our eigenfunctions are orthonormal, this just becomes
E =
1
2
(!)2jbj2: (7.87)
Figure 7.2 shows the results of the projection for dierent values of B
A, ranging from
the high value of B
A = 0:1 7.2(a) down to the physical range of B
A = 10 5 7.2(e) and
B
A = 10 6 7.2(f). The x-axis shows the radial number of the mode, while the y-axis
shows the energy in that mode. In all of these plots, the most energy goes into the
hybrid uid-elastic mode discussed in Section 5.5; this is the mode with the frequency
closest to the fundamental Kelvin mode of a purely uid star. For the higher values of
B
A, a signicant proportion of the energy also goes into the lowest order modes: these are
the shear modes with the lowest number of radial nodes. However, for physical values
of B
A, almost all the energy (99.99% for B
A = 10 5) goes into the uid-elastic mode.
Finally, we can also check that we are reproducing the initial data correctly by recon-
structing the sum over the eigenfunctions (7.65) with our calculated amplitudes b. We
should expect to converge to the initial data as we add more modes in to the sum. Figure
7.3 shows the results of this for the illustrative case B
A = 0:1. The U and V parts of the
initial data are plotted in the top row 7.3(a),7.3(b).
The middle row shows the results of summing progressively more eigenfunctions with
our calculated amplitudes: dening the partial sum
partial(N;x) =
1
2
N X
=1
h
b
(0)(x) + b
(0)(x)
i
; (7.88)
we have plotted Upartial(N;x) 7.3(c) and V partial(N;x) 7.3(d) for N = 1;:::;10. The
largest contribution is from the N = 3 mode: this is the hybrid uid-elastic mode for
B
A = 0:1.
To test how the partial sums converge with increased N, in the last row we have plot-
ted the U 7.3(e) and V 7.3(f) parts of the absolute value of the dierence between
partial(N;x) and the initial data,
converge(N;x) =

 partial(N;x)   ID(x)
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Figure 7.2: Figure showing the results of the projection for dierent values of
B
A. The x-axis shows the radial number of the mode, while the y-axis shows
the energy in that mode. The largest amount of energy goes into the hybrid
uid-elastic mode; this becomes more pronounced as B
A is made smaller.Chapter 7 The glitch toy model: glitch at zero spin 119
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Figure 7.3: Figure showing the reproduction of the initial data as a sum of
eigenfunctions for the case B
A = 0:1. The U and V parts of the initial data
are shown in the top row. In the middle row, the partial sums Upartial(N;x)
and V partial(N;x) are shown for N = 1 (black line) up to N = 10 (green
line); largest contribution is from the N = 3 eigenfunction (dark blue), which
is the uid-elastic hybrid mode. The bottom row plots the absolute value of
the dierence between the partial sums and the initial data, Uconverge(N;x) and
V converge(N;x).
We can see that the contributions become progressively smaller as N increases.Chapter 8
Oscillation modes: adding
rotation
To model mode excitation of a glitching star, we will also need to account for the fact
that the star is rotating. In this chapter we will add the eects of rotation in to our
computation of the oscillation modes of our model.
We will assume that the star is rotating slowly, in the sense that the centrifugal force is
small compared to the gravitational force at the surface of the star; this is a reasonable
assumption for most pulsars. This approach was used for uid stars by Cowling and
Newing [25], and has also been developed in the geophysics literature [13, 67, 56]. Here we
will mainly use the method of Strohmayer [80]. However, for consistency with previous
chapters we will use somewhat dierent notation, so it will be useful to rederive some
of the main results of the paper in our notation.
For a slowly rotating star of mass M, radius R and angular velocity 
, we have that

2R 
GM
R2 ; (8.1)
so that we can dene a small dimensionless quantity
" =


!
 1; (8.2)
where
! =
r
GM
R3 : (8.3)
We then expand our mode equation for the nonrotating star in this small parameter,
keeping only terms up to rst order. In general rotation at angular velocity 
 will
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introduce a Coriolis force  
  _  and a centrifugal force 
  (
  ) in the rotating
frame of the star. At rst order in 
 the centrifugal force can be neglected, so that the
star can still be treated as spherical.
We will later be projecting our initial data against this set of modes; the initial data will
be second order in the angular velocity 
. However, we can still get consistent results
up to rst order in 
 by projecting against the rotation modes we have calculated to
rst order in this chapter.
8.1 Rotational corrections to the eigenfunctions
8.1.1 The mode equation for a rotating star
First, we write the mode equation of a nonrotating elastic incompressible star (5.31) as
A  + C = 0; (8.4)
where the operators A (6.79) and C (6.80) are dened as in Chapter 6,
A   (8.5)
C  r2   rp   r: (8.6)
Next, we transform to a frame R rigidly rotating with the star. The velocity in the
rotating frame can be dened with respect to the inertial frame I as

d
dt
R


d
dt
I
+ 
  I (8.7)
The acceleration in the rotating frame is then

d2
dt2
R
=

d2
dt2
I
+ 2
 

d
dt
I
+ 
  
  I (8.8)
The second term is the Coriolis force and the third term the centrifugal force. Dropping
the I label, we can then write the mode equation (8.4) as
A  + B_  + C = 0; (8.9)
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B_   2
 
d
dt
+ 
  
  : (8.10)
We will be looking for normal mode solutions of the form (x;t) = ei!t(x), so that
  !2A + i!B + C = 0: (8.11)
First, though, we will make the slow rotation approximation, linearising in the small
parameter " (8.2).
8.1.2 Perturbations about the nonrotating star
We will now write the eigenfunction  and eigenvalue ! as
 = (0) + "(1); (8.12)
! = !(0) + "!(1): (8.13)
where we use the subscripts (0), (1) to indicate the order of the expansion in the rota-
tional parameter ".
The operators become
A = A(0); (8.14)
B = "B(1); (8.15)
C = C(0): (8.16)
To rst order, our operator B (8.10) only retains the Coriolis term, i.e.
"B1(0) = 2

 
^ z  (0)

; (8.17)
or, using the denition of " (8.2),
B1(0) = 2!
 
^ z  (0)

: (8.18)
We can now put these denitions into the mode equation (8.11). To zeroth order in "
we get
  !2
(0)A(0)(0) + C(0)(0) = 0; (8.19)124 Chapter 8 Oscillation modes: adding rotation
i.e. the mode equation for the nonrotating star, as expected. To rst order in " we have
  !2
(0)A(0)(1)   2!(0)!(1)A(0)(0) + i!(0)B(1)(0) + C(0)(1) = 0: (8.20)
These two equations hold for any eigenfunction 
(0) and corresponding eigenvalue !
(0)
of the nonrotating star. With the mode labels made explicit, the zeroth and rst order
equations in " become
 

!
(0)
2
A(0)
(0) + C(0)
(0) = 0; (8.21)
and
 

!
(0)
2
A(0)
(1)   2!
(0)!
(1)A(0)
(0) + i!
(0)B(1)
(0) + C(0)
(1) = 0: (8.22)
The eigenfunctions (0) form a complete set for the nonrotating star. We will write (1)
as a sum over this set as

(1) =
X



(1)

(0); (8.23)
where the (1) are constants. Substituting this into the rst order equation (8.20) gives
 
X



(1)

!
(0)
2
A(0)

(0) 2!
(0)!
(1)A(0)
(0)+i!
(0)B(1)
(0)+
X



(1)C(0)

(0) = 0: (8.24)
Now we utilise the zeroth order equation (8.21), writing
C(0)

(0) =

!

(0)
2
A(0)

(0): (8.25)
The rst order equation (8.26) becomes
 
X



(1)

!
(0)
2
A(0)

(0) 2!
(0)!
(1)A(0)
(0)+i!
(0)B(1)
(0)+
X



(1)

!

(0)
2
A(0)

(0) = 0:
(8.26)
Rearranging we get
 
X


!
(0)
2
 

!

(0)
2


(1)A(0)

(0)   2!
(0)!
(1)A(0)
(0) + i!
(0)B(1)
(0) = 0: (8.27)
At this point, we can put the operators A(0) (8.5) and B(1) (8.18) back in. This givesChapter 8 Oscillation modes: adding rotation 125
 
X


!
(0)
2
 

!

(0)
2


(1)

(0)   2!
(0)!
(1)
(0) + 2i!!
(0)

^ z  
(0)

= 0: (8.28)
We can use this equation to nd rotational corrections to the eigenfunctions and eigen-
values.
8.1.3 Rotational corrections to the eigenvalues
To nd the corrections to the eigenvalues, we can take an inner product of our equation
(8.27) with 
(0):
 
X


!
(0)
2
 

!

(0)
2


(1)
D

(0);A(0)

(0)
E
  2!
(0)!
(1)
D

(0);A(0)
(0)
E
+i!
(0)
D

(0);B(1)
(0)
E
= 0:
(8.29)
We have shown in Section 6.5 that the eigenfunctions are orthogonal with respect to the
operator A(0):
D

(0);A(0)

(0)
E
= 0;  6= : (8.30)
Using this, we nd that all terms of the sum are zero, and
  2!
(1)
D

(0);A(0)
(0)
E
+ i
D

(0);B(1)
(0)
E
= 0: (8.31)
Rearranging, we get an expression for the corrections to the eigenvalues,
!
(1) =
i
2
D

(0);B(1)
(0)
E
D

(0);A(0)
(0)
E: (8.32)
Substituting in the operators A(0) (8.5) and B(1), (8.18), we have
!
(1) = i!
D

(0);

^ z  
(0)
E
D

(0);
(0)
E : (8.33)
8.1.4 Rotational corrections to the eigenfunctions
To reproduce the results for corrections to the eigenfunctions, we will instead take the
inner product of our equation (8.27) with another eigenfunction 

(0), with 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 
X


!
(0)
2
 

!

(0)
2


(1)
D


(0);A(0)

(0)
E
  2!
(0)!
(1)
D


(0);A(0)
(0)
E
+i!
(0)
D


(0);B(1)
(0)
E
= 0:
(8.34)
The second term is zero, as  6= . Also all terms of the sum except  =  are zero,
leaving

!
(0)
2
 

!

(0)
2


(1)
D


(0);A(0)

(0)
E
+ i!
(0)
D


(0);B(1)
(0)
E
= 0: (8.35)
This gives us a formula for the rst order corrections to the eigenfunctions for  6= ,


(1) =
i!
(0)

!
(0)
2
 

!

(0)
2
D


(0);B(1)
(0)
E
D


(0);A(0)

(0)
E : (8.36)
Next, we will demonstrate that for  = , we can choose the coecient 
(1) to be zero.
Here we follow an argument of Rae [72]. First, suppose we have taken an orthonormal
set of zeroth order eigenfunctions:
D


(0);

(0)
E
= 1; (8.37)
and we want each rotationally corrected eigenfunction to be normalised in the same way,
i.e.
h;i = 1; (8.38)
 = 

(0) + "
X



(1)
(0): (8.39)
Writing out the inner product in full, we have
D


(0);

(0)
E
+ "
X

(

(1))
D

(0);

(0)
E
+ "
X



(1)
D


(0);
(0)
E
+ O(

(1))2 = 1: (8.40)
The rst term is 1 as the zeroth order eigenfunctions are orthonormal (8.37). In the
sums, only the  =  terms are nonzero, which leaves
(
(1)) =  
(1): (8.41)
This means that the constant 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
(1) = ib (8.42)
where b is real. Then we can write our eigenfunction  as
 = (1 + ib)

(0) + "
X
6=


(1)
(0) (8.43)
To rst order in b, we have exp(ib)  1 + ib, so that to the same order
 = eib

(0) + "
X
6=


(1)
(0) (8.44)
The exp(ib) is just an overall phase factor in the denition of 

(0), which can be chosen
arbitrarily. We will pick
b = 0; (8.45)
so that our coecients 
(1) are zero.
8.2 Specialising to spheroidal and toroidal corrections
When calculating explicit values for the eigenfunctions and eigenvalues, it will be neces-
sary to consider the spheroidal and toroidal parts separately. We will call the spheroidal
zeroth order eigenfunctions S
(0), with
S
(0)(r) = Unl(r)Ylm^ r + V nlrYlm (8.46)
as in previous chapters. The toroidal zeroth order eigenfunctions T
(0) are
T
(0)(r) = Wnl(r)^ r  rYlm: (8.47)
8.2.1 Eigenvalue corrections
The formula (8.33) for the corrections to the eigenvalues becomes
(!(1))
S = i!
D
S
(0);

^ z  S
(0)
E
D
S
(0);S(0)
E ; (8.48)
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(!(1))
T = i!
D
T
(0);

^ z  T
(0)
E
D
T
(0);T(0)
E : (8.49)
for corrections to toroidal eigenvalues.
Full derivations of these corrections and those for the eigenfunctions can be found in
Strohmayer [79]; here we will just state the results,
(!(1))nlm
S = m!
R R
0

2rUnlVnl + (Vnl)2
(r)dr
R R
0 [(Unl)2r2 + l(l + 1)(Vnl)2](r)dr
(8.50)
for the spheroidal corrections and
(!(1))nlm
T =
m!
l(l + 1)
: (8.51)
for the toroidal corrections.
8.2.2 Eigenfunction corrections
For the eigenfunctions, we will also need to separate out the spheroidal and toroidal
corrections. We will write the full spheroidal eigenfunctions S = S(0) + "S(1) as
S = S
(0) + "
X


[SS]

(1)S

(0) + [ST]

(1)T

(0)

; (8.52)
specialising our formula for the corrections 

(1) (8.36) where the [SS]

(1) are spheroidal
corrections to the spheroidal eigenfunctions,
[SS]

(1) =
i!
S
D
S

(0);

^ z  S
(0)
E
 
!
S
2  
 
!

S
2D
S
(0);S(0)
E;  6= ; (8.53)
and the [ST]

(1) are toroidal corrections to the spheroidal eigenfunctions,
[ST]

(1) =
i!
T
D
S

(0);

^ z  T
(0)
E
 
!
T
2  
 
!

S
2D
S
(0);S(0)
E;  6= : (8.54)
Again, we will just state the results of Strohmayer. A spheroidal zeroth order eigen-
functions with mode label  = (n;l;m) only couples to spheroidal modes with the same
l and m value, and to toroidal modes with the same m and l0 = l   1 or l0 = l + 1.
Speci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(Snlm) = Snlm
(0) + "
1 X
n=1

[SS]
nlm;n0lm
(1) Sn0lm
(0) + [ST]
nlm;n0l 1m
(1) Tn0l 1m
+[ST]
nlm;n0l+1m
(1) Tn0l+1m

;
(8.55)
where
[SS]
nlm;n0lm
(1) =
2m!!nlm
S
R R
0 [VnlUn0l + UnlVn0l + VnlVn0l]r2dr
(!nlm
S )2   (!n0lm
T )2 R R
0
h
(Un0l)
2 + l(l + 1)(Vn0l)
2
i
r2dr
(8.56)
[ST]
nlm;n0l 1m
(1) =  
2i!!nlm
S (l + m)
R R
0 [Wn0l 1(Unl + (l + 1)Vnl)]r2dr
l(2l + 1)

(!nlm
S )2   (!n0l 1m
T )2
R R
0 (Wn0l 1)
2 r2dr
(8.57)
[ST]
nlm;n0l+1m
(1) =  
2i!!nlm
S (l   m + 1)
R R
0 [Wn0l+1(lVnl   Unl)]r2dr
(l + 1)(2l + 1)

(!nlm
S )2   (!n0l+1m
T )2
R R
0 (Wn0l+1)
2 r2dr
(8.58)
Note that the second and third of these have a dierent sign to those of Strohmayer;
this is because of an opposite sign convention to his for the toroidal eigenfunctions.
In the same way, we will write the full toroidal eigenfunctions as
T = T
(0) + "
X


[TS]

(1)S

(0) + [TT]

(1)T

(0)

; (8.59)
where the spheroidal corrections to the toroidal eigenfunctions are
[TS]

(1) =
i!
S
D
T

(0);

^ z  S
(0)
E
 
!
S
2  
 
!

T
2D
T

(0);T

(0)
E;  6= ; (8.60)
and the toroidal corrections to the toroidal eigenfunctions are
[TT]

(1) =
i!
T
D
T

(0);

^ z  T
(0)
E
 
!
T
2  
 
!

T
2D
T

(0);T

(0)
E;  6= : (8.61)
The toroidal eigenfunctions only couple to spheroidal eigenfunctions with the same m
value and l = l   1 or l = l + 1; the coecients [TT]

(1) are all zero. In full, we have
Tnlm = Tnlm
(0) + "
1 X
n0=1
h
[TS]
nlm;n0l 1m
(1) Sn0l 1m
(0) + [TS]
nlm;n0l+1m
(1) Sn0l+1m
(0)
i
; (8.62)
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[TS]
nlm;n0l 1m
(1) =
2i!!nlm
T (l + 1)(l + m)
(2l + 1)

(!nlm
T )2   (!n0l 1m
S )2


R R
0 [Wnl(Un0l 1   (l   1)Vn0l 1)]r2dr
R R
0
h
(Un0l 1)
2 + l(l   1)(Vn0l 1)
2
i
dr
;
(8.63)
[TS]
nlm;n0l+1m
(1) =  
2i!!nlm
T l(l   m + 1)
(2l + 1)

(!nlm
T )2   (!n0l+1m
S )2


R R
0 [Wnl(Un0l+1 + (l + 2)Vn0l+1)]r2dr
R R
0
h
(Un0l+1)
2 + (l + 1)(l + 2)(Vn0l+1)
2
i
r2dr
:
(8.64)
Again, these have the opposite sign to those of Strohmayer.
8.3 Numerical investigation of the eigenfunctions
Our initial data for the glitch will still be axisymmetric for the rotating case, so we
can specialise to m = 0. The toroidal and spheroidal corrections to the eigenvalues
(8.50),(8.51) both vanish in this case.
As in our previous numerical work in Chapters 5 and 7, we will scale the equations so
that the radius R = 1. We will also scale the frequencies so that the l = 2 uid Kelvin
mode !K = 1 (7.81), i.e.
16
15
G = 1: (8.65)
With this choice, the parameter  (8.3) becomes
 =
p
5
2
: (8.66)
In spherical coordinate components, the full eigenfunctions (8.52), (8.62) for m = 0 look
like
Snl0 =
0
B
@
Unl0Pl
V nl0 dPl
d
0
1
C
A+"
1 X
n0=1
0
B
@
0
0
[ST]
nl0;n0l 10
(1) Wn0l 10Pl 1 + [ST]
nl0;n030
(1) Wn0l+10Pl+1
1
C
A:
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and
Tnl0 =
0
B
@
0
0
Wnl0P2
1
C
A+"
1 X
n0=1
0
B
B
@
[TS]
nl0;n0l 10
(1) Un0l 10
(0) Pl 1 + [TS]
nl0;n0l+10
(1) Un0l+10
(0) Pl+1
[TS]
nl0;n0l 10
(1) V n0l 10
(0)
dPl 1
d + [TS]
nl0;n0l+10
(1) V n0l+10
(0)
dPl+1
d
0
1
C
C
A:
(8.68)
To calculate these eigenfunctions numerically, we will have to truncate the innite sums
over the radial eigenvalue n0 at some nite number. It will be useful to dene the partial
sum

Spartial
nl0
N

0
B
@
Unl0Pl
V nl0 dPl
d
0
1
C
A + "
N X
n0=1
(correction terms...); (8.69)
where the sum is taken up to the mode with n0 = N; similarly, for the toroidal eigen-
functions we dene

Tpartial
nl0
N
=
0
B
@
0
0
Wnl0P2
1
C
A + "
N X
n0=1
(correction terms...): (8.70)
As an initial test of our glitch model for the rotating case, we will only investigate the
case B
A = 0:1. Although this is not a realistic physical value, it is a useful rst test case
for how to carry out the projection, because the hybrid uid-elastic mode in this case
is at a low radial eigenvalue number of n = 3. This means that we can truncate at a
relatively low n0 in the sum and still retain this mode. Specically, we will choose to
truncate at n0 = 10.
For the spheroidal eigenfunctions, the rotational corrections are to the  component only.
To see the convergence of these corrections, we will calculate the partial sums
 
Spartialnl0
N
for N = 1;:::;10. We then plot the  component of the functions (Sconverge)
nl0
N , dened
as
(Sconverge)
nl0
N 
 



Spartial
nl0
N
 

Spartial
nl0
10
 
 ; (8.71)
for N = 1;:::;9, to show that the absolute value of the corrections decreases as more
modes are included.
This is shown in Figure 8.1 for l = 2 and n = 1;2;3. The l = 2 spheroidal modes are of
greatest interest to us, because this is the form of the displacement eld in our initial
data, and so we can expect these to be excited the most.132 Chapter 8 Oscillation modes: adding rotation
The corrections to the toroidal eigenfunctions are in the r and  components only. To
show the convergence of these corrections, we plot the r-components of the functions
(Tconverge)
nl0
N , dened similarly as
(Tconverge)
nl0
N 
 
 

Tpartial
nl0
N
 

Tpartial
nl0
10
 
 : (8.72)
This is shown in Figure 8.2, again for the cases of l = 2 and n = 1;2;3.Chapter 8 Oscillation modes: adding rotation 133
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(a) Corrections to spheroidal eigenfunctions for l = 2; n = 1
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(b) Corrections to spheroidal eigenfunctions for l = 2; n = 2
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(c) Corrections to spheroidal eigenfunctions for l = 2; n = 3
Figure 8.1: Figure showing the convergence of the rotational corrections to the
spheroidal l = 2 eigenfunctions for a) n = 1, b) n = 2, c) n = 3, as the
corrections are truncated at progressively higher values of the radial eigenvalue
N. In particular, the  component of the functions (Sconverge)
n20
N (8.71) is
plotted for N = 1 (plotted in black) up to N = 9 (plotted in green).134 Chapter 8 Oscillation modes: adding rotation
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(a) Corrections to toroidal eigenfunctions for l = 2; n = 1
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(b) Corrections to toroidal eigenfunctions for l = 2; n = 2
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(c) Corrections to toroidal eigenfunctions for l = 2; n = 3
Figure 8.2: Figure showing the convergence of the rotational corrections to the
toroidal l = 2 eigenfunctions for a) n = 1, b) n = 2, c) n = 3, as the corrections
are truncated at progressively higher values of the radial eigenvalue N. In
particular, the r component of the functions (Tconverge)
n20
N (8.72) is plotted for
N = 1 (plotted in black) up to N = 9 (plotted in green).Chapter 9
Extending the toy model: adding
rotation
In this chapter, we extend the glitch model to the more realistic case where the star does
not spin down to zero angular velocity before glitching, but instead glitches at some
known angular velocity which we label 
B. This extended toy model is summarised in
Figure 9.1.
As in the zero glitch case, we are able to calculate the displacement eld AB between
the unstrained Star A and the conguration before the glitch, Star B, using the results
of Chapter 4. We then model the glitch, as before, as a sudden loss of all strain from the
star. The star will then settle to a new, less oblate equilibrium state, Star D, spinning
at a new angular velocity 
D. Because angular momentum is conserved at the glitch,
the star must now be spinning faster: 
D > 
B.
We start by making some estimates of the energy released in the glitch, and the ampli-
tudes of the modes excited, before moving on to make a detailed calculation of the initial
data: this time, this will include a nonzero velocity eld as well as the displacement eld.
We then discuss how to project this initial data against the modes of Star D, given that
it is now rotating and so the modes are no longer orthogonal.
9.1 Energy estimates for the glitch model
As in the zero-spin model of the previous chapter, we will start by making some order-
of-magnitude estimates for the change in energy of the star at the glitch. This will be
similar to the analysis of Chapter 3, except that the change in energy in our model is
only that between Star C and Star D.
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Figure 9.1: Diagram showing the main stages of the glitch model, this time for
the general case where Star B is still rotating with angular velocity 
B at the
glitch. After the glitch the star settles to a new equilibrium rotating at angular
velocity 
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The energy of Star C diers from that of Star B (3.26) in that the strain energy has
been removed, so that it has energy
EC = ES + A

1
2
t(1 + "B) + "2
B

(9.1)
The star still has the same ellipticity as Star B, (3.10):
"C = "B =
t
4
(1 + bx): (9.2)
We then use conservation of angular momentum (3.14) as before to nd the ellipticity
of Star D up to second order in both b and t, (3.24), which we repeat here:
"D =
t
4
: (9.3)
The energy of Star D is then (3.29)
ED = ES + A

1
2
t(1 + "D) + "2
D + b("D   "B)2

; (9.4)
We can then nd the change in energy ECD = ED   EC. The lowest order term is
fourth order in the small parameters,
ECD =
1
16
Ab2X2t2: (9.5)
Note the extra factor of b compared to the energy change EBD (3.31) in Chapter 3;
this means that the energy released in our model will be considerably less than that in
our earlier upper estimate.
Next, we can estimate the amplitude of the oscillation modes by putting the change in
energy at the glitch ECD into kinetic energy of the form
Emode  IS!22 (9.6)
where, as before, ! is the frequency of the oscillations and  is a dimensionless number
characterising their amplitude.
Equating this to the energy in the initial data E (7.8), we nd that
IS!22  Ab2X2t2; (9.7)
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 
r
A
IS
btX
!
: (9.8)
Substituting back in the original variables,
 
1
!

B
A
r
A
IS
IS
2
B
A


2
A

2
B
  1

; (9.9)
which can be rewritten in a more useful form as
 

B
A
r
IS
2
A
A


A
!

1  

2
B

2
A

(9.10)
We can see that this reduces to the previous expression (7.10) for the case where the
star spins down completely before `glitching': 
B = 0. Later we will compare this to
the results from the detailed calculation carried out in the next section.
9.2 Calculation of initial data
We will now move on to making a full calculation of the initial data. Our initial data
will still take the form of a displacement and velocity eld connecting Stars C and D.
The rst dierence is that the velocity eld _ DC is no longer zero. Instead there is a
change in angular velocity from 
B to 
D at the glitch, so that the velocity eld is
_ 
DC
= r
e; (9.11)
where

 = (
D   
B): (9.12)
Star B is an equilibrium conguration spinning at 
B and relaxed at 
A. Using the
results of Chapter 4 we can calculate the surface shape of Star B:
(r)SB(R;) =  
5R
8G
1
1 + b
 

2
B + b
2
A

P2(cos); (9.13)
where we are again using the shorthand notation b = B
A. This is (4.106) with 
 = 
B,

0 = 
A, We again assume that the surface shape of Star C is the same as that of B,
SB
r (R) = SC
r (R). The dierence in the new model is that the star is still rotating after
the glitch, so that the equation of motion for Star D is
  ri(
2
Dr2 cos2 ) =  ripSD   riSD + 2rjuCD
ij : (9.14)Chapter 9 Extending the toy model: adding rotation 139
We also have the usual surface boundary conditions (7.22)
  (pSD(R))ir + 2uCD
ir (R) = 0; (9.15)
while conditions on the gravitational potential at the surface (7.23),(7.24) mean that at
the surface SD has the form
SD(R) =
8G
15
R
 
0SB
r (R) + UCD(R)

P2(cos): (9.16)
We dene
hSD =  pSD   SD + ri(
2
Dr2 cos2 ); (9.17)
and substitute it back into the equation of motion (9.14), nding that
r2hSD = 0: (9.18)
We can rewrite the centrifugal potential using the fact that
cos2  =
1
3
(1   P2(cos)); (9.19)
and so we expect hSD to have the same symmetries,
hSD = H2r2P2(cos) + H0; (9.20)
for H2 and H0 constant. We decompose the displacement vector CD
i as
CD = UCD(r)P2(cos)er + V CD(r)rP2(cos): (9.21)
Substituting this back into the force equation (9.14) and using incompressibility, we nd
that
UCD(r) = Cr  
1
7
H2r3; (9.22)
V CD(r) =
1
2
Cr2  
5
42
H2r4; (9.23)
where C is another constant. We can then use our surface boundary conditions to x C
and H2. The (r) component of the traction condition (9.15) still gives C = 8
21H2R2,
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UCD(r) =
H2
21
 
8R2r   3r3
; (9.24)
V CD(r) =
H2
21

4R2r2  
5
2
r4

; (9.25)
but the expression for pSD in the (rr) component is now more complicated, because
of the extra centrifugal force:
  pSD = hSD + SD   
2
D
r2
3
(1   P2(cos)): (9.26)
We can then substitute this into the (rr) component along with our boundary condition
for the gravitational potential SD (9.16), obtaining
H0 =

3

2
DR2: (9.27)
for the constant part and
19H2
21
R2 +
8G2R
15

0SC
r (R) +
5H2
21
R3

+

3

2
DR2 = 0: (9.28)
for the terms proportional to P2(cos). Rearranging for H2,
H2 =  
21
57R2 + 8G2R4 


2
DR2 +
8G2R
5
0SC
r (R)

: (9.29)
It remains to include the shape of Star C at the surface, 0SC
r (R) (9.13). Inserting this
in we have
H2 =  
21
57R2 + 8G2R4 


2
DR2  
R2
1 + b
 

2
B + b
2
A


; (9.30)
For a homogeneous star
b =
57
8G2R2; (9.31)
so H2 simplies to
H2 =  
21
8GR2
1
1 + b


2
D  

2
B + b
2
A
1 + b

: (9.32)
9.2.1 Displacement eld
We now have our nal form for the radial part of the displacement eld (9.24), (9.25):Chapter 9 Extending the toy model: adding rotation 141
UCD(r) =  
1
8GR2
1
1 + b


2
D  

2
B + b
2
A
1 + b

 
8R2r   3r3
; (9.33)
V CD(r) =  
1
8GR2
1
1 + b


2
D  

2
B + b
2
A
1 + b

4R2r2  
5
2
r4

: (9.34)
Along with the velocity eld (9.11), this completes our set of initial data for the glitch.
We can check that this is consistent with the previous, spin zero glitch model. This is
the special case where 
B = 
D = 0, so
UCD
zero(r) =
1
8GR2
b
2
A
(1 + b)2
 
8R2r   3r3
; (9.35)
V CD
zero(r) =
1
8GR2
b
2
A
(1 + b)2

4R2r2  
5
2
r4

; (9.36)
which agrees with our previous result (7.51), (7.52).
Our initial data is still written in terms of the angular velocity 
D, so to complete this
we need to express 
D in terms of the known angular velocities 
A and 
B. In Section
3.1.1 we did this by using the fact that angular momentum is conserved. We found that

D =

1 +
1
4
tbX


B: (9.37)
where we have also used the assumptions
b  1; (9.38)
t  1; (9.39)

D   
B

B
 1: (9.40)
To rst order in b we have
1
1 + b


2
D  

2
B + b
2
A
1 + b

=
 

2
D   
2
B

+ b
 
2
2
B   
2
A   
2
D

: (9.41)
Substituting in 
D (9.37),
1
1 + b


2
D  

2
B + b
2
A
1 + b

= b

t
2
X + 
2
B   
2
A

; (9.42)
again to rst order in b. We can then expand in t as well, using the fact that for a
homogeneous star we have [16]142 Chapter 9 Extending the toy model: adding rotation
A =
162
75
G2R5; (9.43)
IS =
8
15
R5; (9.44)
so that
t =
5
2G

2
B: (9.45)
Then we can write
UCD(r) =  
5bt
4R2
2
B

t
2
x + 
2
B   
2
A
 
8R2r   3r3
; (9.46)
V CD(r) =  
5bt
4R2
2
B

t
2
x + 
2
B   
2
A

4R2r2  
5
2
r4

: (9.47)
Keeping terms up to second order in t and b, we nally obtain
UCD(r) =
5btX
4R2
 
8R2r   3r3
; (9.48)
V CD(r) =
5btX
4R2

4R2r2  
5
2
r4

: (9.49)
We can write this in terms of the change in angular velocity at the glitch z = 
B 
D

D
(3.16) as
UCD(r) =
5z
R2
 
8R2r   3r3
; (9.50)
V CD(r) =
5z
R2

4R2r2  
5
2
r4

: (9.51)
As a measure of the amplitude of oscillations produced by this initial data we can take
UCD(R)
R
=
25btx
4
: (9.52)
For oscillations which scale like the fundamental uid mode, ! 
p
G we have
1
!
r
A
IS
 O(1); (9.53)
so this is consistent with our estimate  (9.8) from the preceding energy argument.Chapter 9 Extending the toy model: adding rotation 143
9.2.2 Surface shape of Star D
We can also nd the surface shape of Star D, using the known surface shape of Star C
(9.13). To rst order in b this is
(r)SC(R;) =  
5R
8G
 

2
B + b
 

2
A   
2
B

P2(cos); (9.54)
or in terms of our new notation
(r)SC(R;) =  
R
4
t(1 + bx)P2(cos); (9.55)
so that the surface shape of D is
SD
r (R) = Rt

 
1
4
+
21
4
bx

P2(cos): (9.56)
9.2.3 Gravitational potential perturbation
Finally, we can nd the gravitational potential perturbation CD corresponding to the
initial data ()CD
i . As in the previous chapter we have that
SD(r;) =  

4G
5R
0SD
r (R)

r2P2(cos); (9.57)
so that
SD(r;) =

Gt
5
(1   21bx)

r2P2(cos); (9.58)
Substituting in t (9.45),
SD(r;) =


2
B
2
(1   21bx)

r2P2(cos); (9.59)
We can then nd CD by subtracting SC, calculated in Chapter 4 (4.95). To rst
order in b this is
SC =
1
2
 

2
B + b
 

2
D   
2
B

r2P2(cos): (9.60)
Substituting in 
2
D (9.37), we nd that to rst order we just have
SC =
1
2

2
Br2P2(cos): (9.61)144 Chapter 9 Extending the toy model: adding rotation
9.2.4 Velocity eld
The initial velocity eld of the star takes the form of a rigid rotation: the angular velocity
is the dierence in velocity between Stars D and C,

DC = 
B   
D =  
Bz (9.62)
where z = 
D 
B

B (3.16). The velocity eld is then
_ 
DC
=  
Bz rsin ^ : (9.63)
We can show that this has the form of an l = 1, m = 0 toroidal mode. These modes
have the form
Tn10 =
Wn1(r)
r
dP10(cos)
d
^ : (9.64)
We have
P10(x) = x; (9.65)
so that
_ DC = 
Bz r
dP10(cos)
d
^ ; (9.66)
and
W11(r) = 
Bz r2: (9.67)
We can write 
B in terms of the rotational parameter t, so that

B =
r
3
8
p
t (9.68)
and the velocity eld becomes
_ DC(x) =
r
3
8
p
tzx
dP10(cos)
d
^ : (9.69)Chapter 9 Extending the toy model: adding rotation 145
9.2.5 Summary
Here we summarise the main results of the section. The initial data we want to project
takes the form of a displacement eld DC and velocity eld _ DC. The displacement eld
has the form
DC = UDC(r)Pl(cos)^ r + V DC(r)rPl; (9.70)
where the functions UDC(r) (9.50) and V DC(r) (9.50) are
UDC(r) =  
5z
R2
 
8R2r   3r3
; (9.71)
V DC(r) =  
5z
R2

4R2r2  
5
2
r4

: (9.72)
The velocity eld looks like (9.66)
_ 
DC
= W(r)(^ r  rPl); (9.73)
where
W(r) =  
r
3
8
p
tzrsin: (9.74)
9.3 Projecting the initial data
To project our initial data against the modes of the rotating star, we have to take into
account a number of new factors that did not aect us in the nonrotating case. One of
these is that the eigenfunctions of the rotating star are no longer orthogonal; we will
describe a scheme that allows us to nonetheless carry out the projection.
Another is the existence of the zero eigenvalue l = 1 toroidal mode (9.64) that our
velocity initial data is built from. As this mode is zero frequency, it will not have the
ei!t time-dependence of the other modes and we will have to consider it separately. We
will deal with this problem rst.
9.3.1 The zero eigenvalue mode
To nd the time-dependence of the zero eigenvalue eigenfunction, we need to go back to
the governing equation for the zeroth order equations (8.19)146 Chapter 9 Extending the toy model: adding rotation
A(0)
@2(0)
@t2 + C(0)(0) = 0: (9.75)
Making a separation of variables (0)(x;t) = (0)(x)T(t),
A(0)(0)
d2T
dt2 + C(0)(0)T = 0; (9.76)
To separate these, we can take the divergence,
1
T
d2T
dt2 r  [A(0)(0)] + r  [C(0)(0)] = 0; (9.77)
so that
1
T
d2T
dt2 =  
r  [C(0)(0)]
r  [A(0)(0)]
= : (9.78)
For the non-zero frequency modes, we will take the case where  is negative,  =  (!)2
for  > 2. Then
d2T
dt2 =  (!)2T; (9.79)
with general solution
T(t) = Re

cei!t
; (9.80)
c a complex constant. To show explicitly that the solution is real, we will instead write
T(t) =
1
2
 
bei!t + (b)e i!t
: (9.81)
For the spatial dependence, we obtain
(!)
2 A(0)(0) = C(0)(0); (9.82)
i.e. we regain our normal eigenvalue equation.
Next we look at the zero frequency case. For now it will be convenient to label this
eigenvalue as !1, with !1 = 0 and corresponding eigenfunction 1.
For the zero frequency eigenvalue !1, we take 1 = 0. The T equation of the separation
of variables (9.78) becomes
d2T
dt2 = 0; (9.83)Chapter 9 Extending the toy model: adding rotation 147
so the solutions are
T(t) = C1t + D1; (9.84)
C1 and D1 real. We can write this in a similar way to the  < 0 case by labelling
D1 =
1
2

b1 +
 
b1
; (9.85)
C1 =
i
2

b1  
 
b1
; (9.86)
where b1 is a complex constant. The spatial part of 1
(0) satises
C(0)1
(0) = 0: (9.87)
We can also look at the rst-order corrections 1
(1) =
P
 
1
(1)

(0) to this mode. These
satisfy the equation
C(0)1
(1) = 0; (9.88)
which has the same form as the equation for the zeroth order modes. This means that
we can absorb them into the zeroth order mode 0
(1), so that the corrections 
1
(1) = 0.
9.3.2 The projection scheme
We saw in Chapter 8 that we can write the modes of the rotating star as
 = 
(0) +
X

"

(1)

(0); (9.89)
where 
(0) are the modes of the nonrotating star and the 

(1) are correction coecients.
These eigenfunctions have the time dependence
 = (x;t) = ei!t(x): (9.90)
The full displacement eld (with time-dependence) can then be written as a sum over
these modes
(x;t) =

i
2

b1  
 
b1
t +
1
2

b1 +
 
b1
1
(0)(x) +
1
2
1 X
=2
[b(x;t) + b(x;t)]:
(9.91)148 Chapter 9 Extending the toy model: adding rotation
Here we have included the zero eigenvalue mode (9.84) { note that it has no rst order
corrections so we can just use its zeroth order form. To make sure that the data is
real we have added on the complex conjugate. The complex coecients b contain the
amplitude and phase of each mode. Similarly, the velocity eld is
_ (x;t) =
1
2

b1 +
 
b1
1
(0)(x) +
1
2
1 X
=2
h
i!
(0)b(x;t)   i!
(0)b(x;t)
i
; (9.92)
where we have used the fact that there are no rotational corrections to the zeroth order
eigenvalues !(0) in the m = 0 case we are interested in.
To obtain the initial data, we just specialise to t = 0. We can also combine 1
(0) with the
other eigenfunctions by making the denition
~ !
(0) =
8
<
:
1  = 1;
!
(0) otherwise:
(9.93)
Then we can write the initial data as
ID(x)  (x;0) =
1
2
X

[b(x) + c.c.]; (9.94)
_ ID(x)  _ (x;0) =
1
2
X

h
i!
(0)b(x) + c.c.
i
: (9.95)
Now we expand the eigenfunctions in the sum to rst order in rotation, so that
 = 
(0) +
1 X
=2


(1)

(0): (9.96)
We then have
ID(x) =
1 X
=1
2
4b
2
0
@
(0)(x) +
X
=1


(1)

(0)
1
A +
(b)
2
0
@
(0)(x) +
X
=1
()

(1)

(0)
1
A
3
5;
(9.97)
_ ID(x) =
1 X
=1
2
4i~ !b
2
0
@
(0)(x) +
X
=1


(1)

(0)
1
A   i~ !(b)
2
0
@
(0)(x) +
X
=1
()

(1)

(0)
1
A
3
5;
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where the corrections to 1
(0) are 1 = 0. Now we can take an inner product with
another zeroth order eigenfunction 

(0) to obtain
D


(0);ID(x)
E
=
1 X
=1

b
2

 + 

(1)

+
(b)
2

 + ()

(1)

; (9.99)
D


(0); _ ID(x)
E
=
1 X
=1

i~ !b
2

 + 

(1)

  i~ !(b)
2

 + ()

(1)

: (9.100)
In practice, when carrying out a projection numerically we will only consider a nite
sum, cutting o at some suciently large  = N. We can then view (9.99) and (9.100)
as vectors of N equations, so that we can rewrite them as
x =
1
2

Tb +
 
T
b

; (9.101)
_ x =
1
2


Tb +
 

T
b

; (9.102)
where the vectors x and _ x are dened by
x 
D
;ID(x)
E
(9.103)
_ x 
D
; _ ID(x)
E
; (9.104)
and the matrices  and 
 are built from the matrix of correction coecients  as
  I + ; (9.105)

  D; (9.106)
D  diag[i~ !1;i~ !2;:::;i~ !N]: (9.107)
To solve for b, we rst calculate
2

()T 1
x =

()T 1
Tb + b (9.108)
2

(
)T 1
_ x =

(
)T 1

Tb + b; (9.109)
so that
2

()T 1
x   2

(
)T 1
_ x =

()T 1
Tb  

(
)T 1
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Inverting for b, we have
b = 2A 1
n
()T 1
x  

(
)T 1
_ x
o
(9.111)
where A is the matrix
A =

()T 1
T  

(
)T 1

T: (9.112)
9.3.3 Carrying out the projection numerically
To use this projection scheme, we rst need to construct the matrix . To do this, we
will need to decide which modes  = (n;l;m) we are keeping in the projection, and
choose an ordering for the mode indices .
We have previously found that the corrected spheroidal eigenfunctions have the form
Snl0 = Snl0
(0) + "
1 X
n0=1

[ST]
nl0;n0l 10
(1) Tn0l 10 + [ST]
nl0;n0l+10
(1) Tn0l+10

; (9.113)
i.e. the only nonzero correction terms are l0 = l   1 and l0 = l + 1 toroidal corrections.
For each of these there is an innite set of radial eigenmodes n; we will need to cut o
these contributions at some nite number.
We can write this out in components as
Snl0 =
0
B
@
Unl0Pl
V nl0 dPl
d
0
1
C
A+"
1 X
n0=1
0
B
@
0
0
[ST]
nl0;n0l 10
(1) Wn010Pl 1 + [ST]
nl0;n0l+10
(1) Wn0l+10Pl+1
1
C
A:
(9.114)
Similarly, the corrected toroidal eigenfunctions look like
Tnl0 = Tnl0
(0) + "
1 X
n0=1

[TS]
nl0;n0l 10
(1) Sn0l 10
(0) + [TS]
nl0;n0l+10
(1) Sn0l+10
(0)

; (9.115)
which in components is
Tnl0 =
0
B
@
0
0
Wnl0Pl
1
C
A+"
1 X
n0=1
0
B B
@
[TS]
nl0;n0l 10
(1) Un0l 10
(0) Pl 1 + [TS]
nl0;n0l+10
(1) Un0l+10
(0) Pl+1
[TS]
nl0;n0l 10
(1) V n0l 10
(0)
dPl 1
d + [TS]
nl0;n0l+10
(1) V n0l+10
(0)
dPl+1
d
0
1
C C
A:
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Looking at the initial data we are projecting, we can see that the displacement eld
(9.70) is spheroidal l = 2 and m = 0. This can be expected to couple to l = 1 and l = 3
toroidal m = 0 modes. The velocity eld (9.73) is built from the toroidal l = 1, m = 0
zero frequency mode, which has no rst order corrections. However the l = 2 spheroidal
eigenfunctions can be expected to couple to this mode.
Motivated by this, we will choose to consider only m = 0 and also to cut o at l = 3,
including only l = 1;2;3 (the l = 0 radial modes are all zero for an incompressible star).
This is illustrated in Figure 9.2.
As with Chapter 8 we will also consider only the case B
A = 0:1. For this value, the
uid-elastic mode is at n = 3. As we have seen that this mode is preferentially excited
in the non-rotating case, we can expect the same here, so that n = 10 is a reasonable
cut-o.
Schematically, we can then write all the zeroth order eigenfunctions we plan to use as a
vector
0
B B
B B
B B
B B
B
@
S1
T1
S2
T2
S3
T3
1
C C
C C
C C
C C
C
A
; (9.117)
where S1 is a vector of the rst 10 spheroidal l = 1 eigenfunctions, T1 is a vector of the
rst 10 toroidal l = 1 eigenfunctions, etc.
The corrected eigenfunctions are then obtained by acting on this vector with the matrix
 (9.105), which schematically looks like
0
B
B B
B B
B B
B B
@
I 0 0 "[ST12] 0 0
0 I "[TS12] 0 0 0
0 "[ST21] I 0 0 "[ST23]
"[TS21] 0 0 I "[TS23] 0
0 0 0 "[ST32] I 0
0 0 "[TS32] 0 0 I
1
C
C C
C C
C C
C C
A
: (9.118)
Each entry represents an n  n matrix. Most o-diagonal entries are zero apart from a
few blocks. For l = 2 these are the l = 1 and 3 toroidal corrections to the spheroidal
eigenfunctions, [ST21]n and [ST23]n, and the l = 1 and 3 spheroidal corrections to the
toroidal eigenfunctions, [TS21]n and [TS23]n. For l = 1 there are only l = 2 corrections;
this is also true for l = 3 as we are not including l = 4. The structure of the matrix is152 Chapter 9 Extending the toy model: adding rotation
shown in more detail in Figure 9.3, where the absolute value of the matrix coecients
is plotted (a darker colour indicates a larger value of the coecient).
The modes have been scaled so that R = 1, so we must do the same for the initial data.
Writing x = r
R, the displacement eld is
_ DC(x) = UDC(x)P20(cos) +
V DC(x)
x
dP20(cos)
d
(9.119)
with
UDC(x) =  5z
 
8x   3x3
; (9.120)
V DC(x) =  5z

4x2  
5
2
x4

; (9.121)
The velocity eld becomes
_ DC(x) =
r
3
8
p
tzx
dP10(cos)
d
^ : (9.122)
We can also scale the rotational parameter " (8.2) in the modes by relating it to t; we
have
" = 
B
r
R3
GM
; (9.123)
which in our code units becomes
" =
r
3
10
p
t: (9.124)
There are then two free parameters in the initial data, t and z. This is as expected:
they correspond to the two free parameters 
A and 
B of the model.
Given our matrix , we want to calculate the amplitudes of the excited modes b using
our projection formula (9.111), and use these to reconstruct the initial displacement and
velocity elds.
We have recently used this scheme to reproduce the displacement eld and velocity, and
are now in the process of analysing how the amplitudes b change as the free parameters
t and z are varied in the initial data.
As a rough sketch of our current ndings, we see that the l = 2 spheroidal uid-elastic
mode is still excited as in the nonrotating model of Chapter 7. The rotational corrections
mean that the l = 1 and l = 3 toroidal modes are also excited to a lesser extent, while
the velocity eld also excites the zero frequency l = 1 toroidal mode.Chapter 9 Extending the toy model: adding rotation 153
l=2
l=3
l=1
l=2
l=3
l=1
l=1 zero 
frequency
l=2
(no l=0 as 
incompressible)
(l=4 out of 
included range)
Zeroth order First order
= velocity ﬁeld initial data
= displacement ﬁeld initial data
Figure 9.2: Schematic showing how the zeroth order modes couple to other
modes at rst order in rotation. The displacement eld has an l = 2 form and
couples to l = 1 and l = 3; this is shown in blue. The velocity eld, shown
in read, has the form of a zero frequency l = 1 mode; it has no rotational
corrections. The other modes in the range we are considering are also shown.
The l = 1 modes only couple to l = 2, while for the l = 3 modes, only the l = 2
coupling falls into the range we are considering.154 Chapter 9 Extending the toy model: adding rotation
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Figure 9.3: Plot of the matrix , which we are using to act on a vector of
our zeroth order eigenfunctions to obtain the rotationally corrected eigenfunc-
tions. Each coloured box represents a component of the matrix; a darker orange
indicates a larger absolute value of the component.Chapter 10
Discussion
Neutron star glitches have the potential to excite global oscillations of the star, a po-
tential source of gravitational waves. The amplitude of these oscillations, and the type
of modes that are excited, is strongly dependent on the specic physics of the glitch
mechanism. In this thesis we have investigated mode excitation for the specic case of
a glitch caused by a starquake.
After covering some introductory material relating to neutron stars and glitches in the
rst two chapters, we give some order-of-magnitude upper estimates of the oscillation
amplitudes in Chapter 3. In this chapter we rst calculate the energy released by a
starquake. At this stage, we do not specify a detailed model of how the energy is
put into oscillations at the glitch, but just obtain an upper estimate by assuming that
all the energy released goes into oscillation modes. For this general model we nd a
dimensionless mode amplitude of around 10 6, corresponding to a characteristic strain
of around 10 24 p
Hz, a level expected to be detectable by third generation detectors.
We also make some estimates for the more exotic scenario of a glitch in a completely
solid quark star: in this case our model is able to account for much larger glitches, giving
rise to a characteristic strain of up to around 10 22 p
Hz.
For the rest of the thesis, we specialise to a particular model of what happens at the
starquake. Given this, we can then tackle the problem of self-consistently constructing
initial data describing how the star changes at the glitch, and projecting this against a
basis of its normal modes of oscillation. Our model for the glitch is that all strain is lost
from the star at the glitch, and also that particles immediately after the glitch (Star C
of our model) are not displaced from their positions in Star B.
To construct our toy model, we make the further assumption that the star is completely
solid and incompressible. This allows us to carry out a large proportion of the work
analytically. In our initial model, the star also spins down completely to zero angular
velocity before glitching.
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The next three chapters contain the preliminary work needed to carry out this pro-
jection. In Chapter 4 we calculate analytic equilibrium solutions for a rotating elastic
incompressible star. The solution depends on the current angular velocity of the star,
and also the angular velocity at which it was relaxed. An analytic solution for this
problem exists in the literature [16]; here we ll in the details of the calculation, which
will be used later in the thesis for constructing our initial data for the starquake.
The main focus of Chapter 5 is a calculation of the normal modes of oscillation of
the star in our toy model, an elastic, incompressible self-gravitating star. This is an
old problem, rst investigated analytically by Bromwich in 1898 [19]. We reproduce his
analytic results for the eigenvalues of this system and also extend it slightly by obtaining
an analytic form for the eigenfunctions.
We then carry out a numerical investigation of the problem. Focussing on the l = 2
spheroidal modes (the most important for our problem), we nd that the star has an
innite set of equally spaced elastic modes scaling with the shear modulus , and also
one mode with a frequency close to that of the l = 2 fundamental (`Kelvin') mode
of a uid star. The corresponding eigenfunction has a hybrid uid-elastic character,
approximating that of the uid Kelvin mode in the limit of small .
In Chapter 6 we discuss a series of simpler toy models of mode excitation, with the
aim of building up to our starquake model and developing the necessary mathematical
framework. The main new result of the chapter is a demonstration that the eigenfunc-
tions of an elastic incompressible star found in Chapter 5 are orthogonal, by showing
that the equations they satisfy constitute a self-adjoint boundary value problem.
We are then in a position to construct the full glitch toy model in Chapter 7. First
we construct initial data describing the change in the star at the glitch, in the form
of a displacement eld connecting the new equilbrium state of the star that the star
settles down to (Star D) with that immediately after the glitch. To do this we use the
equilibrium solutions of Chapter 4, along with the prescription that particles in Star C
are not displaced from their positions immediately before the glitch in Star B (only the
strain is lost).
Next, we project this initial data against our orthogonal basis of normal modes calculated
in Chapter 5. We do this for dierent values of the ratio of strain to gravitational energy,
B
A, for B
A = 0:1 down to realistic values of B
A = 10 5 10 6. We nd that the majority of
the glitch energy goes into the hybrid uid-elastic mode. For realistic values of B
A, where
this mode is very similar to the purely uid Kelvin mode, this is extremely pronounced,
with more that 99.9% of the energy going into this mode.
The nal two chapters of the thesis deal with the extension of the model to the more
realistic case where the star is still rotating at the glitch. The rst complication this adds
is that we have to take this rotation into account in order to calculate the oscillationChapter 10 Discussion 157
modes of Star D. We do this in Chapter 8, using the formalism of Strohmayer [80] to
nd the eigenvalues and eigenfunctions correct to rst order in the rotational parameter.
There is now a coupling of modes of dierent l values, so that the l = 2 spheroidal modes
excited by our initial data in the zero spin problem now couple to l = 1 and l = 3 toroidal
modes.
In the rst part of Chapter 9 we calculate the initial data for the rotating model. There
are now two free parameters in the initial data: the anglular velocity 
A that the star
was relaxed at, and the angular velocity 
B at which the glitch occurs. We are able to
calculate the increase in spin rate at the glitch, which gives us a nonzero velocity eld
as a new part of the initial data along with the displacement eld. We show that this
velocity eld can be represented as an l = 1 toroidal mode of the nonrotating star with
zero frequency.
A second complication added by rotation is that the modes of the rotating star are no
longer orthogonal, so that we can no longer carry out a projection of the initial data
against these modes in the same way as before. Instead, we develop a new scheme that
relies on the fact that the oscillation modes are orthogonal to zeroth order in rotation,
and that the rst-order rotational corrections can be written as a sum over these zeroth-
order modes. We can then project our initial data against the modes of the rotating
star, including the zero frequency l = 1 toroidal mode representing rotation. We sketch
the process of how to carry this out for the test case of B
A = 0:1. This is a useful test
value because in this case the hybrid uid-elastic mode is at the low radial eigenvalue
number of n = 3. By analogy with the zero spin case we expect this mode to be excited
most and then contributions from higher modes to drop o. This allows us to make a
cut-o at n = 10.
Currently we are able to reproduce the displacement eld but not the velocity using our
method. We are still investigating what the problem is.
To extend this work, we need to test the model further and produce more robust results.
For the B
A = 0:1 case we need to show that we can reproduce both the initial data and
velocity accurately given the amplitudes of the excited modes. We would expect the
l = 2 uid-elastic mode to still be excited in a similar way to the glitch at zero spin
model, plus small excitations of l = 1 and l = 3 toroidal modes. We would also expect
the l = 1 zero frequency toroidal mode to be excited.
We also need to extend to more realistic values of B
A. One problem we expect to run into
is that the eigenvalues may become very close together for high n. This near-degeneracy
will mean that we will need to adapt the perturbation scheme that we use.
In terms of extending the model itself, there are a number of possibilities. One obvious
one is to extend to the more realistic case where there is a uid core and an elastic
crust. This would complicate the spectrum of oscillation modes by adding extra ones158 Chapter 10 Discussion
connected to the uid-elastic interface. We could also consider using a more realistic
equation of state rather than our incompressible model, introducing new p- and g-modes
to the mode spectrum.
Another interesting direction would be to consider more realistic models for the star-
quake itself. At the moment we have an acausal mechanism in which all strain is lost
from the star instantaneously. In a realistic model the quake would propagate across
the star over time, possibly in the form of surface cracks. The new timescale introduced
here could strongly aect which modes of the star are excited. However, this timescale
is not well constrained observationally.
The oscillations produced by a starquake would be expected to shake the magnetosphere
at the surface of the star. This could lead to radio emission connected with the starquake,
possibly at a level that could be resolved with the new generation of radio telescopes.
It would be worthwhile to try to make some estimates of this with a toy model of how
the pulsar could shake magnetic eld lines in the magnetosphere.Appendix A
Approximating Star D as
spherical
To nd out which oscillation modes are excited in our rst glitch model where the glitch
occurs at zero spin, we rst need to know the spectrum of possible oscillation modes
of the new equilibrium conguration of the star after the glitch. This is Star D of our
model.
This star is not completely spherical, because of the residual strain left after the glitch;
instead, the surface shape S can be described by
SD() = R(1 + a2P2(cos)); (A.1)
where a2 is a small parameter. This is approximately an ellipse, to rst order in the
dierence between the major and minor axes, as shown in Section 4.3.2. We would like
to show that to rst order in a2 we can approximate the oscillation modes of Star D by
those of the spherical background star S. To do this, we want to show that up to O(a2),
the equations and boundary conditions governing the modes of Star D are the same as
those of S.
In general, we would have two relevant small quantities in this problem: the perturba-
tions P and i, and the rotation shape parameterised by a2. However, the case of our
model the perturbations are generated by the initial data CD (7.82), whose components
are also proportional to a2: comparing with (r)SD at the surface (7.54) we nd
a2 =
5
8G
 B
A
2
 
1 + B
A
2
2
0 ; (A.2)
so that we can write the displacement CD as
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(CD)r(r;) =
1
5R2
a2
K
 
3r3   8R2r

P2(cos); (A.3)
(CD)(r;) =
1
5R2
a2
K

5
2
r4   4R2r2

dP2
d
: (A.4)
Similarly, we can show that p and  are also rst order in the oblateness parameter
a2.
To nd the normal modes, we start by making some arbitrary small perturbation  to
Star D. This perturbation will induce some extra strain in the star, and the equations
of motion become
  D!2i =  riP + r2i   Dri: (A.5)
Here D is the density of the background star. We also have Poisson's equation
r2 = 4G: (A.6)
First, we can write  as
 =  iriD: (A.7)
Writing D in terms of a Heaviside step function, we have
D = [1   H(r   R(1 + a2P2(cos)))]; (A.8)
so that
@D
@r
=  (r   R(1 + a2P2(cos))) (A.9)
@D
@
= a2Rsin
dP2
d
(r   R(1 + a2P2(cos))): (A.10)
This gives
 = r(r   R(1 + a2P2(cos))) + a2Rsin
dP2
d
(r   R(1 + a2P2(cos))); (A.11)
and so inserting this back into Poisson's equation (A.6) gives
r2 = 4G

r(r   R(1 + a2P2(cos)) + a2Rsin
dP2
d
(r   R(1 + a2P2(cos)))

:
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Integrating this over the volume V of the star, and using Stokes' theorem on the LHS,
we get
Z
SD
ridSi = 4G
Z
V
r(r   R(1 + a2P2(cos))
+a2Rsin
dP2
d
(r   R(1 + a2P2(cos)))
(A.13)
= 4G

[r]SD + a2Rsin
dP2
d
[]SD

: (A.14)
We see that the second term is O(a2), and so this term will not contribute. This leaves
Z
SD
ridSi = 4G[r]SD: (A.15)
The surface traction boundary condition is
( Pij + 2uij)ni = 0; (A.16)
imposed at the surface of D, dened by (A.1). The normal to D, ni, is only slightly
dierent to that of S, so we can write ni = ri + i for a small vector i. As P and uij
are already rst order in a2, we can just write
( Pij + 2uij)ri = 0 (A.17)
as for the spherical star.References
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